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Stability of the Front under a
Vlasov-Fokker-Planck Dynamics
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Abstract

We consider a kinetic model for a system of two species of particles
interacting through a long range repulsive potential and a reservoir at given
temperature. The model is described by a set of two coupled Vlasov-Fokker-
Plank equations. The important front solution, which represents the phase
boundary, is a stationary solution on the real line with given asymptotic
values at infinity. We prove the asymptotic stability of the front for small
symmetric perturbations.
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1. Introduction and Notations.

The dynamical study of phase transitions has been tackled, among the
others, with an approach based on kinetic equations modeling short range
and long range interactions which are responsible of critical behaviors. An
example of such models has been proposed in [2] where the authors study
a system of two species of particles undergoing collisions regardless of the
species and interacting via long range repulsive forces between different
species. A simplification of such model has been considered in [15] where a
kinetic model has been introduced for a system of two species of particles
interacting through a long range repulsive potential and with a reservoir
at a given temperature 7. The interaction with the reservoir is modeled
by a Fokker-Plank operator and the interaction between the two species
by a Vlasov force. The system is described by the one-particle distribution
functions f;(w,v,t), i = 1,2, with (x,v) € 2 x R? the position and velocity
of the particles. The distribution functions f; are solutions of a system of
two coupled Vlasov-Fokker-Plank (VFP) equations in a domain 2 C R3:
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Ofi+v-Vofi+F -Vyofi =Lf;, (1.1)

Lfi=V,- (MV (L)) (1.2)

and M is the Maxwellian
3
b
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with mean zero and variance 37! = T which is interpreted as the tempera-
ture of the thermal reservoir. The self-consistent Vlasov force, representing
the repulsion between particles of different species, is

F,=-V, /d:vU|:v—x|)/ dvfj(a’,v,t) .

where

Here and in the rest of the paper we use the convention that the indices 4
and j are related as follows: if ¢ = 1 then j = 2, while, when ¢ = 2 then
7 = 1. The potential function U is a positive, bounded, smooth, monotone
decreasing function on R , with compact support and [, dzU(|z]) = 1.
There is a natural Liapunov functional, the free energy, for this dynamics,

g(fl,fg)::/g dexdv {(fllnf1)+(f2111f2)+g(f1+f2)v2]
dxd T — dvfi(z,v dv’ ).
8 ylla =) [ dvfie) [ @ patoe)
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In fact, we have that

_g (fr.fa) ==Y /Q . dxdv
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and the time derivative is zero if and only if f; are of the form f; = p; M,
where p; are functions only of the position. If we put these expressions back
in the VFP equations we see that the stationary solutions of (1.1) have
densities satisfying the equations

In p;(x) + 6/ d2'U(|z — 2'|)pj(2") =Ci, z€2,i=1,2 (1.3)
2

and C; are arbitrary constants, related to the total masses n;|{2| of the
components of the mixture. Moreover, replacing f; by p; M in the functional
G and integrating out the velocity variable we obtain a functional of the
densities p;

F(p1,p2) = /de(m Inp1 + p2 1DP2)+5/Q dedyU(|x—y|)p1(:v)p2(y)
(1.4)
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The Euler-Lagrange equations for the minimization of F with the constraint
on the total masses

/ dzpi(z) =ni|02|, i=1,2, (1.5)
2

are exactly (1.3). We set n = ny + ng, the total average density.

In [4] it is proved that for n8 < 2, equations (1.3) in a torus have a
unique homogeneous solution, while for n3 > 2 there are non homogeneous
solutions. To explain the physical meaning of these non homogeneous solu-
tions, we write the functional F(p1, p2) in the following equivalent form

Fipr.pa) =[ dat(orpa)5 [ dadyUlla=ylon (@)= 0)lpa()=pa(o)]

where f(p1, p2) is the thermodynamic free energy made of the entropy and
the internal energy:

f(p1,p2) = p1log p1 + p2log pa + Bp1p2

The function f(p1,p2) is not convex and has, for any given temperature
T = 371, two symmetric (under the exchange 1 — 2) minimizers if the total

1
mass n = Tl / dx(p1 + p2) is larger than a critical value (27)~!. Indeed,
7

there are two positive numbers p™ > p~ > 0 such that one minimizer is
given by p1 = pT, p2 = p~ and the other by exchanging the indices 1 and
2. In other words, this system undergoes a first order phase transition with
coexistence of two phases, one richer in the presence of species 1 and the
other richer in the presence of species 2. In the rest of the paper we assume
that the parameters T' and n = p™ + p~ are in the phase transition region

where % > 2. If we look for the minimizers of the free energy functional F

under the constraints (1.5) the only minimizers are homogeneous if we fix
(n1,n2) equal to one of the two minimizers of f(p1, p2).

Otherwise, if n; € (p~, p*), i = 1,2, below the critical value non homo-
geneous profiles may have lower free energy. The structure of the minimizing
profiles of density will be as close as possible to one of the two minimizers
of f: they will be close to one of the minimizing values in a region B, close
to the other minimizing value in the complement but for a separating re-
gion called interface where the minimizing profiles will interpolate smoothly
between the two values. A precise statement of this is proved in [4] under
the assumption that the size of (2 is large compared to the range of the
potential U.

We can conclude then that the minimizers of G in a torus will be
Maxwellians times densities p; of the form discussed above. Since G is a
Liapunov functional, we expect that the minimizers are related to the sta-
ble solutions of the equations. In this paper we want to study the stability
of the non homogeneous stationary solutions of the equations (1.1), which
are minimizers of the kinetic free energy G.



4 R. EsposiTo, Y. GUuo, R. MARRA

Since planar interfaces play an important role in the study of the evo-
lution of general interfaces, in this paper we focus on the so called front
solutions, i.e. one-dimensional infinite volume solutions, with

x=(0,0,2) —00<2z<00.

The reason for choosing this setup is that in such a situation we know
many more properties of the minimizers.

To be more precise, we introduce the excess free energy functional in one
dimension on the infinite line defined as

[Fn(p1,p2) — Fn(pT,p7)] (1.6)

F(p1,p2) := lim
where Fy is the free energy associated to the interval [-N, N| and (p*, p™)
is a homogeneous minimizer of the thermodynamic free energy f. We note
that Fn(p™,p7) = Fn(p~,p"). We look for the minimizers of the excess
free energy such that lim, .+ p1(2) = pT, lim, 1o p2(2) = pT, because
otherwise the limit defining F would not be finite. By the translation in-
variance of F the minimizers are degenerate. We remove the degeneration
by imposing the centering condition, p1(0) = p2(0). In [5] it is proved that

Theorem 1.1. Suppose that the total density n = p™ + p~ and the inverse
temperature 3 =T~ are in the phase transition region 3n > 2. Then there
exists a unique C°° positive minimizer (front) w = (wi(z),w=2(z)), with
w1 (z) = we(—2), for the one-dimensional excess free energy F, defined in
(1.6), in the class of continuous functions p = (p1, p2) such that

ZEIjI:/lOO pl - pi’ ZEIjI:/lOO p2 - p:F'

The properties of the minimizer are: wy is monotone increasing and ws s
monotone decreasing and

p~ <wi(z) < p*
for any z € R.

Moreover, the front w is smooth and satisfies the Euler-Lagrange equa-
tions (1.3); its derivatives w' satisfy the equations

M_FQ(U*wé)(z):O, %Zs—Fﬁ(U*wi)(z)—o (1.7)

The front w converges to its asymptotic values exponentially fast, in the
sense that there is a > 0 such that

alz| alz|

lwi(z) — pxle®® — 0 as z — Foo, |wa(z) — px|e** — 0 as z — Foo.
The functions w; have derivatives of any order which vanish at infinity

exponentially fast.
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Our main result is the stability of these fronts for the VFP dynamics,
under suitable assumptions on the initial data. To state the result, we write
fi, solutions of (1.1), as

fi = wiM + hl .
Then, the perturbation h; satisfies
Othi + Gihi = Lh; — F;(h)0y, hy, (1.8)

where the operators G; are defined by
Gihi = v.0.h; — (U % w})0y, hi + (U % 0, /11@3 doh;(-,v, t))ﬁszwi (1.9)
while the force F;(h) due to the perturbation is
F;(h) = -0, /Rdz'U(z -2 /Ra doh;(2',v,t). (1.10)

We define (- ,-) as the L? inner product for two scalar functions (on R or
R x R3 depending on the context), while (-,-) denotes the L? inner product
for vector-valued functions, and we denote || - || as their corresponding L?
norms. Furthermore, we define the weighted L? inner products as

1 1
i 9i)M = dzdv——- fi9:, , = dzdv—- fig:,
(fir9i)m /RX]RS 2o figi (F9)m i;;/kxks 2dvo—r fig

with corresponding weighted L? norms by || - ||a7. We also define the dissi-
pation rate as

lglh = I = P)glld; + VoI = P)gllis, (1.11)
where P is the L? projection on the null space of L given by {cM, c € R?},
for any given ¢, z. We also define the y-weighted norms as

9llary = llzvgllar gl = llz49llD,
with

2y = (L4 227,

In the following we will also denote by Oh the couple of derivatives {d:h, 9, h}
with the abuse of notation ||0h|? = ||0.h]|? + ||0:h||? for any of the norms
appearing below. When there is no risk of ambiguity, to make the notation
shorter, for any two vectors f = (f1, f2) and g = (g1, g2) we will denote by
fg the vector with components (f1g1, f292)-

The following theorem will be proved in Section 4:

Theorem 1.2. We assume that h = (h1, he) at time zero has the following
symmetry property in (z,v)

hi(z,v,0) = hao(—2,Rv,0), Rv = (vg, vy, —0,). (1.12)

There is §g small enough such that:
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1. If |h(0)]|ar + ||OR(0)||ar < o, then there is a unique global solution to
(1.8) such that for some K >0

D (O3 + l0h(0)13) + 10:-h0) )

+Evo(|h®|B + 10:h(0)]1B) + 10 0:-h()]|H < 0. (1.13)
2. If, for v > 0 sufficiently small,
12(0) 1,7 + 10R(0) ][ ar, 1 4 < do
then there is constant C > 0 such that

sup |[h(t)|lary+ sup [|Oh(B)ar,14+ < CURON 2+ 1020 1,1 4)-
0<t<o0o 0<t<o0o

(1.14)
Moreover, we have the decay estimate

IAOI: + 10AOI; < €T+ 5]~ (1), + 19ROy,
(1.15)

A key remark to prove Theorem 1.2 is that, since the equation pre-
serves the symmetry property (1.12), the perturbations h;(z,v,t) have the
same symmetry property (1.12) at any time. The proof of the theorem is
based on energy estimates and takes advantage of the fact that at time zero
the perturbation is small in a norm involving also the space and the time
derivatives. To close the energy estimates, we use the spectral gap for the
Fokker-Planck operator L to control (I — P)h, the part of h orthogonal to
the null space of L, and the conservation laws to control Ph, the component
of h in the null space of L, in terms of (I — P)h, like the method used in [9].

The main difficulty in our context is the control of the hydrodynamic
part Ph (which can be written as Ph = apM for some ap(z,t) € R?),
in the presence of the Vlasov force with large amplitude. Because of the
Vlasov force, the hydrodynamic equations do not give directly the control
of the norm of Ph but instead of a norm involving the operator A, the
second variation of the free energy F at the front w, which is given, for any

9= (91,92) by
2 d2 .
(9.49) = Y [ a2)(40)(2) = 5 Fw+s9)] , -
i=1
The action of the operator A on g is
(Ag)1 = IL L BU « gy, (Ag)2 = P L BU g, . (1.16)
w1 w2

Since w is a minimizer of F the quadratic form on the left hand side is
non negative and the vanishing of the first variation of F gives the Euler-
Lagrange equations

6F
dpi

(w) =logw; + U *xw; —C; =0, i=1,2.
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Differentiating with respect to z and using the prime to denote the derivative
with respect to the z variable, it results

/

(Aw')i:%—i-ﬁU*w;:O,
1

which shows that w’ is in the null space of A. Indeed, one can show (see
Section 2) that w’ spans the null space of A and that there exists a constant
A > 0 (spectral gap) such that

2
1
(0.49) 22 [ Ao |7 = PP
i=1 ¢

where P is the projector on the null space of A.

Hence, by estimating suitable norms of Aap, by means of the spectral
gap for A we gain control on the component of Ph in the orthogonal to
the null space of A. The component of Ph in the null space of A is still
uncontrolled by this method. Let us write ap = aw’ + (I — P)ap. What is
missing at this stage is an estimate for a(t) = (ap(-,t),w’) for large times.
We would like to show that «(t) vanishes asymptotically in time, which
amounts to prove that the solution of the Vlasov-Fokker-Plank equations
(VFP) converges to the initial front. The existence of a Liapunov functional
for this dynamics forces the system to relax to one of the stationary points
for the functional, which are of the form Mw®, with w® any translate by z
of the symmetric front w. Then, it is the conservation law, in the form

/Rst dedo[f(z,v,t) — M(v)w(z)] =0

which should select the front the solution has to converge to. But this is
a condition requiring the control of the L' norm of the solution while our
energy estimates control some weighted L? norm. In the approach in [9] the
conservation law is used in problems in finite domains or in infinite domains
but in dimension greater or equal than 3. The problem we are facing here is
analogous to the one in [7] and we refer to it for more discussion. One can
realize the connections between the problem discussed here and the one in
[7] by looking at the hydrodynamic limit of the model. In [15] it is proved
that the diffusive limit of the VFP dynamics is

= 5;}- _g-1(, O
Ohp=V <MV5p>, M=p (0p2> (1.17)

SF
where p = (p1, p2), — denotes the functional derivative of F with respect

op
to p = (p1,p2) and M is the 2 x 2 mobility matrix. These equations are
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in the form of a gradient flow for the free energy functional as the equa-
tion considered in [7], which is an equation for a bounded magnetization
m(z,t) € [-1,1]:
W
om =V - [a(m) (5m}
where o(m) = 3(1—m?) and F is a suitable non local free energy functional.
In [7] the stability result is obtained by using suitable weighted L? norms,
with a weight |z|, which allow to control the tails of the distribution and
hence a control of the L' norm. This is possible essentially because the
equation is of diffusive type.

Unfortunately, we cannot use directly the approach in [7] since the dissi-
pation in the kinetic model is given by the Fokker-Plank operator and does
not produce directly diffusion on the space variable. In fact, we are able to
use, as explained above, y-weighted norms (in space) with a weight z,, with
~ small, which are not enough to control the L' norm. Hence, to overcome
the difficulty, we consider a special initial datum. We assume, as explained
before, that h at initial time has the particular symmetry property (1.12).
It is easy to see that this property is conserved by the dynamics so that h
is symmetric at any later time. We note that also wM is symmetric while
w’ is antisymmetric in the z variable. This implies the vanishing at time
t =0 of Z?:l Jrwgs dzdvhi(z,v,t) M (v)w](z), the component of a on the
null space of A, which consequently is zero at any later time.

The symmetry assumption is crucial in the proof of Lemma 3.1 and
Theorem 3.2. It is used in the proofs to establish that (a,w’) and (a’,w")
vanish. It is worth to notice that these are the only points of the argument
depending on the symmetry condition and the rest of the argument would
still work if the symmetry condition were replaced by a suitable estimate
on (a,w’) and {a’,w").

Even with the symmetry assumption (1.12), the estimate for the hydro-
dynamic part Ph is delicate. Based on the precise spectral information of A,

3]
we need to further study the derivative of A, (Ag)’ = 8—Ag. To this end, we
z

employ the decomposition (2.6) for each component of g and a contradic-
tion argument to establish an important lower bound for (Ag)’, (Theorem
2.4). Furthermore, in order to get the time decay rate, we use the additional
polynomial weight function z, and a trick of interpolation to carefully de-
rive the corresponding energy estimate in a bootstrap fashion. Once again,
Theorem 2.4 and its corollary (Lemma 2.5) are crucial to control local L?
norm of Ph in terms of its z-derivative.

It is worth to stress that our result does not rely on a smallness assump-
tion on the potential, like for example in [18], where it is proved the stability
in L' of the constant stationary state for a one component VFP equation,
on a torus, for general initial data. The assumption of small U in [18] guar-
antees the uniqueness of the stationary state, namely it means not to be in
the phase transition region. On the contrary, we are working with values of
the parameters (temperature and asymptotic values of densities, p*) in the
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n
phase transition region. For values of the parameters p™ = p~ = > On <2
the minimizer is unique and we can prove that the constant solution (with
wi(z) = E) is stable, by a simplified version of the proof given here. The

critical value Bn = 2 is selected by the fact that the analogous of the oper-
ator A, that comes out from the linearization around the constant solution,
is positive and has spectral gap for Sn < 2 (it coincides with the operator
called Ly in Theorem 2.2). We expect also that the constant solution will
become unstable above this critical value.

Finally, we want to return to the kinetic model proposed in [2], men-
tioned at the beginning of this section and studied in a series of papers [3], in
which the Fokker-Planck term is replaced by a Boltzmann kernel to model
species-blind collisions between the particles. The dynamics is described by
a set of two Vlasov-Boltzmann equations, coupled through the Boltzmann
collisions and the Vlasov terms and conserve not only the total masses but
also energy and momentum. The stationary solutions are the same as in
the previous model, Maxwellians times densities p; satisfying (1.3), so that
one could study the stability of these solutions with respect to the Vlasov-
Boltzmann dynamics. This result is more difficult to get due to the non
linearity of the Boltzmann terms. The first results on the stability of the
Maxwellian are proved in [16], [14]. Recently, it has been proved by energy
methods in a finite domain or in R? in [9] ([11] for soft potentials) who has
also extended the method to cover other models involving self-consistent
forces and singular potentials [10] and in R? in [13], who also proved the
stability of a 1 — d shock. The stability of the non homogeneous solution for
a Boltzmann equation with a given small potential force has been proved in
[17]. We are not aware of analogous results for non small force, but a very
recent one, [1] relying on the assumption that the potential is compactly
supported in R3. Our method is in principle suited to prove stability under
Vlasov-Boltzmann dynamics on a finite interval, but what is still lacking is
a detailed study of stationary solutions in a bounded domain. We plan to
report on that in the future.

The paper is organized as follows. In Section 2 we collect the properties
of the operators L and A and the properties of the fronts. In Section 3 we
prove some Lemmas that allow partial control of Ph and some z-derivative
of Ph in terms of (I — P)h. In Section 4 we give the energy estimates for
the function, the time derivative and the z-derivative, which imply stability
and decay of the solution.

2. Spectral Gaps of L and A

In this section we collect all the relevant properties of the operators L
and A and also the properties of the fronts.

Lemma 2.1 There is vy > 0 such that for all g = (g1, g2),
(9. Lgynr < —wo||(I — P)gl- (2.1)
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Proof. Since w; is bounded from below for ¢ = 1, 2, we only need to consider
the case when g is a scalar.

Recall (1.2), the null space of L is clearly made of constants (in v) times
M. Moreover, L is symmetric with respect to the inner product (-, - ), so
that Lg is orthogonal to the null space of L. We denote by P the projector
on the null space of L. Finally, the spectral gap property holds [12]: for any
g in the domain of L

(9, L9l < —v((I = P)g, (I = P)g)

On the other hand, a direct computation yields
(9,Lg)r = _/ dv M™% |V,(I - P)g|* + 35/ dv M~Y |(I - P)g|*.
R3 R3

We thus conclude our lemma by splitting (Lg,g)p = (1 — €)(Lg, 9)m +
€(Lg, g) i and applying the spectral gap property and the previous identity,
for € sufficiently small. O

By (1.16), it is immediate to check that
F(w + eu) — F(w) = (Au, u) + o(e?).
Theorem 2.2. There exist v > 0 such that
(u, Au) > v{(I — P)u, (I — P)u),
where P is the projector on Null A:

Null A = {u € L*(R) x L*(R) |u = cw’, c € R}.

Proof. We first characterize Null A. We note that (1.7) imply

u? uy \? 0 uz \

1 1 2 2

— =—|—=| BwUxwh, —==-—(—1| PwyUx*uw].
w] wa w}

w1 1 2

From (1.16), (Au,u) takes the from

/dz[ul(; ]+26/dz/dzu1 Dua (VU (2 — =) =

0 [[as [[ax |25 - 8 ] UG — 2 (s . (22)

wy(2')

But, by the monotonicity properties of w; it follows that —w] (2)w4(z’)dzdz’
is a positive measure on R x R. Therefore the quadratic form is non negative
and vanishes if and only if h is parallel to w’. In particular, this identifies
the null space of the operator A.
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To establish the spectral gap of A, it is sufficient to prove the lower
bound for the normalized operator A: L?(R) x L*(R) — L?*(R) x L?(R)
such that

(Au); = wi(Aluy/w)); .

The explicit form is

(Au)1 = uy + By/wrU * (Viosus),  (Au)s = us + By/wzU * (Vwru) -

The corresponding associated quadratic form is
(u, Au) = / dz(u? +ul) + 26/ dzywiua U * (ugy/we) .
R R

The operator A is a bounded symmetric operator on H = L?(R) x L*(R).
From the previous considerations it is also non negative and positive on
the orthogonal complement of its null space. The spectral gap for A is
established in [6] by adapting an argument already presented in [8]. For
completeness, we give a sketch of the proof below.

We decompose the operator as A= A° + K where

(A%u)1 = ur + By pTp~ Usuz, (A'u)y =us+ By/ptp~ Uxu,

(Ku); = BywiU * (yJwauz) — B/ pTp~ U * ug (2.3)
=5 [ a2 [V - Vore| Uz - ().

(Ku)a = By/wU * (Vwiui) — B/ pTp~U *uq (2.4)
=5 [ 4 [V ) - Vot | Uz - 2 hu(e)

The operator A° has the spectral gap property. Indeed, consider the equa-
tion

A% = \u+ f. (2.5)
Denote by @(¢), f(£) and U(€) the Fourier transforms of u, f and U. We

note that X is in the resolvent set of A° if we can find a unique solution to
(2.5), i.e. if the determinant of the matrix

1-X  BUptp~
BUNptp~ 1=
is different from zero for any £ € R. This happens if A is such that for all
EeER
(1=N)?=B*(U©))*pTp~ #£0.
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Moreover, by the positivity of U, |U(€)] < U(0) = 1. As a consequence, the
spectrum of A° is in the interval

[1=BVptp=, 1+ By ptp].

Now, for 8 > f. it is immediate to check that 51/pTp~ < 1 and hence the
spectrum is contained in (k, 400) for some positive k.

We claim that K is compact on H. Indeed, uniformly for ||u| < 1, K
satisfies

1. Ve >0 3dZ.> 0:
/ dz|Kul® <e, Z>Z.
|z|>Z
2. Ve>0 3. >0:
/dz|Ku(z—|—€) —Ku(z)]*<e, £<d..

The proof follows trivially from the regularity of the convolution, the fact

that U has compact support and the fact that lim Vwr (z)ws(y) =
z,y—(Fo0,+00)

v/ ptp~. For the property 2 the boundedness of w; and the regularity of U
are used. Hence, by Weyl’s lemma we have that the spectral gap holds also
for A. O

We are also interested into a lower bound on the norm of (Au)’. To
this purpose, consider u = (u1,u2) € L*(R) x L*(R) with derivative v’ €
L?(R) x L?(R). Assume u orthogonal to w’ = (w},w}): (u,w’) = 0.

We now take the orthogonal decomposition of each component of v with
respect to the corresponding component of w’ = (w},w}) in the scalar L?
inner product. In terms of the vector inner product, by a direct computation,
such a process leads to

u=oaw +u (2.6)

/dz ﬁlwi:O:/dz ﬁgw’z
R R

where @ is such that

while @' = (w], —w}) is orthogonal to w’ in the inner product (-, -) (note
that wj(z) = —w}(—z)) with the coefficient o computed as
{u, @)
=

N = (', w)=2[dz(w])? =2 [dz(wh)?. We first prove a Lemma for .
Lemma 2.3 There is a constant C' such that
[(Aa)||> > C||Qi/|| . (2.7)

where Q is the orthogonal projection on the orthogonal complement of w" .
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Proof. We follow the proof in [7]. We have

. d  u, U . w} ~ wh
(Aa); = E[E +Ux*u;| = [E + U xuj] — Ui = (AT'); — 2l

By integrating over z the identity
z
w;(z) = 4;(2) —|—/ ds uj(s)
z

multiplied by w}(Z), we get

_1)i+1 +oo z
a;(z) = %/m dz w;(i)/E ds uj(s) ,

~ ! __
because [ dziw; = 0.

From above, we can write (A%); in terms of an operator A + K acting
on L?(R) x L*(R) such that

-1 7 / +oo z
(Kh)i(z) := 7)%/ dz'wi’(z')/ ds hi(s) .
We prove first that
The operator K is compact on L?.
Indeed, we show that

—Ve>0 dZ.>0:
/ dz|Kh|? <e, Z>7Z.,
|z|>Z
—Ve>0 3J.>0:
/dz|Kh(z—|—€) —Kh(z)*<e, £<U..

The second is true because of the continuity of the integral. To prove the
first, note that

—+o0 z
‘/ dz’wi’(z’)/ dsh;(s)

so that
/ dz
|z|>Z

< A dz
|z|>Z

+oo
< IIhIIL dzfwi(")[V/ |z = 2/|< C(1 + |z]) || Al
(2.8)

/ 2

wy
()

—+oo z
/ dz’w/(z’)/ ds h;(s)

w 2
a2
)

(L +1]2])* -
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Then, by the rapid decay property of w;,
/ dz|(Kh)i|* =0, Z — +oo,
|z|>Z
which gives the result. Now,
/ dz|(Aq)'|? = / dzi’ (A + K*A+ AK* + K*K) @' .
R R

The operator K*A + AK* + K*K is compact because A is bounded and
K compact and its null space is spanned by w”, because by definition of
A+ K

0= (Auw") = (A+ K)w" .

But, A% has a strictly positive essential spectrum, hence the result follows
from Weyl’s lemma. Moreover

/ dz|(Aw")'|? =6 > 0,
R
because @' is orthogonal to the null space of A. O

Theorem 2.4. For any u € L?>(R) x L?(R),u’ € L?(R) x L*(R) such that
(u,w’) = 0, there exists a positive constant B such that

I(Aw)'||* > B(lal* + [ Qa/*). (2.9)

where Q is the projection on the orthogonal complement of w". Furthermore,
if u' = Qu’', then
I(Aw)|I* = B(laf* + |@']]?). (2.10)

Proof. First, we prove that there is a constant C such that, if u = (1 — P)u,
[(Auw)'||* > C(3a® + || (Aa)'||?) . (2.11)

We introduce the normalized vector w and its decomposition along w’ and
the orthogonal complement by setting:

u ~/

YT e+ Ay P

so that equation (2.11) reads as
I(Aw)'[I* = C. (2.12)
By the decomposition of w we have

[(Aw)'||* = [ (AD)|I* + 60 + 2 ((AD)', n(Ad')) .
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By definition, w is such that
1(A@)'||* + o =1,
hence
I(Aw)'|? = 1+ 2((A)", n(Aa")') .

Suppose now that the inequality (2.12) is not true. Then, for any n we
can find @, and 7, such that

(ALn + Y2 = 1+ 2{(AD),, ma (Y <

By weak compactness, up to subsequences, there are @&y and 7y such that
wy, converges weakly to @g, n, — 1o. By weak convergence,

((ADn)', 1 (A")') — ((Ado)', 1o (Aw')")

and
liminf[||(Ay,)' |12 + 6n2] + 2((A@o)’, no(Aw')') = 0

By lower semicontinuity,
1(A@o)[|* + o < liminf [[|(Awn)'||* + 6n] =1
Hence,

0 < [[(Awo)'1? = [[(AD0)'I* 4 615 + 2((Ado)’, o (Aw"))
< 14 2((Ado)', mo(Ad')) <0 . (2.13)

As a consequence,
I(Awo)[I* = 0

which implies wp = 0: indeed (wg,w’) = limy, oo {wn, w') = 0 because wy,
is a sequence of vectors orthogonal to w’. Furthermore, since w,, — wg =0
weakly, 7, — 1o = 0. Then, ((A®g)’,m0(A +@')") = 0 in contradiction with
last inequality in (2.13). Therefore (2.12) is true and, together with (2.7),
implies (2.9).

Finally, to prove (2.10), we notice that if ' = Qu’, then by (2.6),

o +0 =u = Ou' = aQw’ + Qu'.

We now show that Quw” = w”, so that the previous identity implies Qu’ = @’
and hence the result. We have that

(") = () = (g ) = 0
because wj(z) = wf(—z). O

We conclude this Section with a pointwise bound following from previous
theorems:
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Lemma 2.5 For any function v = (u1,u2) € L*(R) x L*(R) such that
(u,w"y =0 and (u,w”) = 0, there is a constant C' such that, for any z € R

u(z)] < C(1+ |2 (Au)]] - (2.14)

Proof.: By using the decomposition (2.6), we write, using the notation of
Theorem 2.4,
u=aw +a

Then the argument leading to (2.8) provides the estimate
—+oo z
|a(z)] S/ diw’(i)[ dyla’(y)| < (1 + z))[[@']] < (1 + =D (Au)']

where the second inequality uses the fast decay of w’ and the third one
Theorem 2.4. By the same theorem we have also

o] < [[(Aw)’]|.

Since w’ decays, we obtain (2.14). O

3. Estimates of the hydrodynamic part Ph.

We decompose the solution of (1.8) in the component in the null space
of L and in the one orthogonal to the null space: h; = Ph; + (I — P)h;. We
denote by Ma; the components in the null space of L: Ph; = M ng dvh; =
Maj;, so that

h; =a;M + (I—P)hz .

Since the force F'(h) only depends on a, the abuse of notation
Fi(a) =—-0,Ux*aqa;, i=1,2

will be used when convenient instead of F;(h). By using this decomposition
in (1.8) we have

M [Ora; + v.0.a; — a;U * w;Mflasz + Bv.w;U * 9.a,]
= —6,5(1 — P)hl — Gl(I — P)hl — Fi(a)avz hl + L(I - P)hi, (31)

with G; defined in (1.9), which we rewrite for reader’s convenience:
Gih; =v.0.h; — (U % w;)avzhi + (U * 3z/ dvh;(-,v, t))ﬂszwi (3.2)
R3

We define
Q;

i = j = (Aa);
1 wi+6U*aJ (Aa)
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so that
1 w;
O i = —0za; — a;—5 + BU x 0.a;
w; w?

g [

By using the equation for the front (1.7) we can write the equation (3.1) as

M[atai + vzwiazui] (3.3)

By integrating (3.3) over the velocity, since [s dvdy(I — P)h; = 0, we have
8tai = —/ d’UGZ(I — ‘P)hZ
R3
and, by Definition (3.2) of Gj,

Ora; = —0, dovv, (I — P)h; (3.4)
]R3

By integrating (3.3) over the velocity after multiplication by v, we obtain
Tw;0 p; = — /dvvzat(l — P)h; —/ dvv,G;(I — P)h;
R3

— / dvv, F;(a)dy, h; —|—/ dvv, L(I — P)h; .
R3 R3
Moreover, by integrating by parts,
/ dvv,Gi(I — P)h; = / dvo?d. (I — P)h; + U * w) / dv(I — P)h;
R3 R3 R3

=0, | dw?(I - P)h;.

R3
Hence
Tw;0p; = — / dvv.0¢(I — P)h; — 0, dvvﬁ([ — P)h;
R3 R3
+ / dvv, L(I — P)h; + Fi(a)a; . (3.5)
R3
We define

08 = / dvv, (I-P)h;, 0= / dvv?(I-P)h;, m; = / dvv, L(I-P)h; .
R3 R3 R3

By integrating twice by parts we get the identity:

my — _/ dv Mo, (ﬂ) — 3 [ dvoa(I - P)hs = pe® .
R3 M R3

The following estimates are a simple consequence of (3.4) and (3.5).

[0caill = 110:-€7 |
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18- il < N106LE | + 1021 + [lmall + (18 as]] [las]
From the definition, we have

Sc{/der

|€i|: M

1
/RS dvvzm\/—M(I — P)h;

This and the fact that w is bounded from above and below give

1
el <o+ [ asolezp
R Wi

Hence,
2
DIl < CIT = P)hl|ar.
i=1
Motivated by Theorem 3.2 below, we introduce the following decompo-
sition:

8zu§-1) = _ﬁ

/ dvv, (I — P)0:h; —/ dov, (3.6)
RS

R3

1
. dv v2(I — P)h,
+8(Twi>/Rava( )

0.4 = —o, ( ! /R dv v2(I — P)hl-> (3.7)

Twi
so that ,LLZ(-l) + ,LLZ(-z) = ;. We define a®, k& = 1,2, by setting ugl) =
(AaM);, ul@) = (Aa®),. Since the null space of A is given by aw’ =
(awf, aw}) for o € R, the equation

Hi = Agi

has solutions if and only if

2
Z/ dzwip; =0
i=1 /R
and they are of the form
gi = (A7 )i + w;

where (A7) is the unique solution orthogonal to the null space of A and
6 € R. Therefore, we need to show that ;(*) are orthogonal to the null space
of A. We shall prove this at the end of the proof of Lemma 3.1. Moreover,
we can always choose = 0 since ¢ = a() + a(® and a does not have
component on the null space of A. In fact, a has by assumption at time zero
the same symmetry property as w and it is preserved in time. This implies
that at any time a is orthogonal to w’ and hence has no component in the
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null space of A. This is one of the crucial points where we use the symmetry
assumption on the initial perturbation.

We now estimate the L2 norm ||0,a"||. To this end, we first prove that
Qazal(-l) = 6za§1) which is equivalent to show that 327, [ Bzal(-l)wg’ =0.
Lemma 3.1 If hi(z,v,t) = ha(—2, Ru,t), then (0.a®, w") =0, k=1,2.
Proof: We notice that this property is true for 9,a because of the symme-
try properties of the solution. In fact, d,a1(z) = —9d.a2(—2) and wf(z) =

wy(—z). We are left with proving that the same symmetry property holds
for each a9). It is then enough to prove that for a(?). We have that

1
@ =_41 dv v(I — P)h
‘ o [ p)

and since A does not change the symmetry properties it is enough to prove
that

(i farta=pm) = (5; [ a0 - o) o).

By using the properties of h we have that the left hand side is equal to

: 21— v,z v, —2
’U}l(Z) /Ri dv UZ(I P)[hl( ’ )+h2( ’ )]7

with Ri the set of velocities with v, > 0, and the right hand side to

1 2(1 — v, 2 v, —Z2
W/Ridvvz(l P)[hi(v, z) + ha(v, —2)] .

The symmetry properties of w; imply the result. The same argument also
shows that p(?) is orthogonal to the kernel of A and hence p) has the
same property. This follows from the fact that p is in the range of A which
is orthogonal to the null space of A because it is a symmetric operator on
L% O

Theorem 3.2. We have

2
S llaP|| < €I = P)hllar < CllhlIp
=1

Moreover, there is 69 > 0 such that, if ||h||am < do,

2
S 10-aiVll < CIT = Phllas + (T = P)Oeh| ]

i=1
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Remark: Note that the estimate of [Lagl) do not involve 9,(I — P)h. This
is the main reason for the decomposition (3.6), (3.7).

Proof: From (3.7), by integration over z, since p; — 0 as z — £o0,

O /dvv (I —P)h; =

fb
Twi

Tw; *

which implies
2
ST < Ol — Phlm
=1

Moreover, u(2) ( Aa® ) so that we have also, by Theorem 2.2 and the

K2

fact that (I —P)a® = s k=1,2,

2
S| < €I~ P)hllas -

i=1

From (3.6) we get

2
ZH@ | < Cll (T = P)aeh s+ CII(T - P)har +sup || Fi( a)lz Y llas] -

Now, by the regularity properties of U,
IF(@)l|z= = U 0.0\ + 0.U % o || 1= < C[0.a{" | + Cllal? | -

To apply Theorem 2.4 we need to show that a is orthogonal to w’. We
notice that the front w is symmetric under the exchange 1 — 2 while the
derivatives w; are antisymmetric. On the other hand, as already observed,
a has at time zero the same symmetry properties as w and this implies that
the component of ¢ on the null space of A is zero at any time. In addition,
by Lemma 3.1, we can apply Theorem 2.4 to get

10:aM < C[IN(T = PYORIar+I (T = PYhllar+Ph] ar (18- |+]at2])]
<C[I(1 = P)auhllas + 111 = P)hllas + [1Bllar (10:a0 ] + (7 = P)hllar)]
Then, for dg small enough
10:aV ]| < CII(I = P)dchllar + CI(I = P)hllas + &oll(I — P)h| ]
which proves Theorem 3.2. 0O

As a consequence we have also

ZHF Mz < CIT = PYOhlas + (T = Pohllar) . (3.8)

From now on we use the more explicit notation Ma, = Ph. Moreover we

use the previous decomposition: ap = agl) + agl) Furthermore ||b||, will

denote the y-weighted L2-norm | z,b].
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Lemma 3.3 Let 0 <y < 1. Then
2
lal> |l < Cllhlp,y (3.9)

Moreover, there is 6o > 0 such that, if |h||m < do, then for any z € R,

la$(2)] < (1+ |2]) (I8l b + |19:hll p) (3.10)
and
1020”1y < C (1]l py + |0ehll D) - (3.11)

Furthermore, if we have also v < %,

2
z
/dzmmﬁ <C (I, +10hll,) - (312)

Proof: We introduce the commutator [z, A] defined as follows: for any
function a = (a1, a2)

(24, Ala = z,Aa — A(zya),
which, by the definition of A, reduces to
[2y,Ula = 2,U xa — U * (24a)

The commutator can be estimated by taking into account the property of
the convolution and the fact that U is of finite range. Indeed, it is easy to

check that, if |z — 2’| < R, then, with the notation z/, = (1+ 2'?)7, we have

|2y = 20| S Y(zqs + 20 1)l — 2| < Cy2l 1]z — 7| (3.13)

_1 1
2 2

for some constant C. Therefore
2, Ula(@)] = | [ a0z = 1)z, - 24)a(2)
< C'/dz’U(|z — 2|z — z/|zfyi%a(z/)
Hence

Iz, Ula|| < Cllz, -y all (3.14)

and in particular,
2 2
Iz, Alay?|| < Oz, 1ai?].

Moreover

/dvvf(]— P)h,;.

2) 1
z.yAag = —2z, To.

which implies
2
|2y Aa? ]| < Cllh|p,s -
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The last two estimates together imply
2 2
1A(z a2 < Cllhllpy + llaf |- -

Since zvaf) has the same symmetry properties of af), it is orthogonal to

w’ as well and we can use Theorem 2.2 to deduce
2 2
a1y < CUIRlpy + llagll,—1) -

By repeating the argument with v — % instead of v and using the fact that
zy—1 < 1 for v <1, by the first part of Theorem 3.2, we obtain (3.9).

To prove the second statement it is enough to note that agll) is orthogonal

to w’ by construction and to w” by symmetry (Lemma 3.1). Hence we have,
by Lemma 2.5,

al) (2)] < C(1 + |2)I(AaV Y], (3.15)
and, by Theorem 3.2, we obtain (3.10).

To estimate Bzagll) we note that Bz(Aag))i = (Aﬁzag))i - i(ag))i.
w

Shole~

Therefore
A
2, (A0,aV); = 2,0.(Aa); + %(aﬁﬁ)i. (3.16)

Clearly, since w} decays exponentially, by (3.10), we have the following es-
timate for the second term in (3.16)

!
Zy W4

1252 (@S] < C (k]| b + [|1:R] )

w?
We examine now the first term in (3.16). We deduce from equation (3.6)
1
1240 (Aag )| < C (hll by + CllOeh Dy + 125 Fan)ll o anl]) -
We further split ||z, F (ap)||z in the last term as
2 1
22 F (@) | + 24U = (Bzaf) 1
2 2
< F (2 (@) o + N2y, 0:Ulag | o
1 1
+ U # (250205 | + [y, U)0:a4 ||
2 1 1
< (a1 +11240:071) < € (Ihllp sy + I230:a511) -

We have used (3.9) in the last inequality. The commutators are estimated
as before in (3.14), leading to a term

2 1
Lal? | < |2y @zl |+ 1IAl| b,y

1
[E R R E
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where we have used again (3.9). We hence conclude that, for ||ay|| small,
1 1 1
1A(z0:a, )| < [l A0-al || + [z, Al0-af” |
1
< C (Ibllps + 10hlp.s + 11202057 lanll) -

We now decompose along the null space of A and its orthogonal complement
in order to use the spectral gap of A: Denote by

r = w7

the unit vector in the direction w’.
By the decay of w’, for any L? function ¢, we get

2y, ) < all - (3.17)
Hence we have
240:a V|| < [|2y0z0L" — (240,050, 7)7|| + 1[(z4020\), 7)7 |
< C||A(z,0:08) || + C{|Ihllp + | 3:hl| n}
< C{IBllp. + 10eh]l b} + Cllzsdzai | Hlan]

Putting estimates together, for ||ap|| small,

2,0-(Aa{)]| < C{lIAll oy + 0002} (3.18)

and hence we deduce (3.11).
To prove (3.12), first note that the contribution due to agf) is easily

bounded by (3.9). As for the contribution due to ag), since we can use the
o)

(14 22)t=

In fact, let x(z) be a smooth cutoff function with x(z) =1 for |z| > k, for

pointwise estimate (3.10), the key is to estimate for z large.

k large and x(z) = 0 for |z] < k — 1. We have for the contribution from ag)
due to |z| < k, by (3.10)

2
z
[ e e
211 |2])?
< (Wil + i) [ e Gt < Il + i)

We now consider the contribution for |z| large. We have:

21 (1))2
x| / d 1 (1)2
dz =——r = _ [dz —
/ C A2 * & \sa—ya e ) X |
1 1
—[d 1,02 /d )2
/Z 20— T X T [ e g e Xan |
1 ()5 (1)
[ e gy el 0l
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Therefore,

/dz 22 B 1 X|a(1)|2 _
(1+22)2727  2(1 —27)(1+22)1-27 h
1 1
d 112 /d (Uaz (1)
/Z2(1 U e A R R s e

For v < 1 and 2] > k,

22 1 S 22
(14 22)2-2v  2(1 — 29)(1 + 22)1-2v = 4(1 + 22)2-27°

Since x’ = 0 for |z| > k, by using again (3.10) to bound the term with y’,
we obtain:

22 W2 1 22 ()2
/dZ leah |© < g/dz mﬂah |

1
+Clz0:ai |2 + Cic(IRlD + l0uhl3)-

We thus deduce (3.12) by using (3.11) and conclude the proof of Lemma
3.3. O

It will be important in the energy estimate in next section, and in par-
ticular in the proof of Lemma 4.4, to bound 9,(2,0,a")) in terms of at
most one space derivative of h. To this end it is convenient to introduce the

quantity af) defined by the positions:

(Aa?)); = —Tl / v 0.0, — P)hy, (P, w') =0 . (3.19)

w;

We note that, by Theorem 2.2 and the orthogonality condition,
lai?|| < Cl|oeh | p. (3.20)

We have:

Lemma 3.4 There is 69 > 0 such that, if ||ap| +1|0zan] < do, the following
estimates

10.a? |y < C (|0:hl o~ + |BlD) (3.21)
a1 < Clldrhllp (3.22)

hold for 0 <~ < 1. Moreover, if ||8za21)|\% < for some finite constant n,
then there is C, such that

10 (220208 = 20111 < Cy (001D + 1l pyey) - (3:23)
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Proof. For notational simplicity, we denote
ay = 24050

and similar meaning will have agk), k=1,...,3. We need to estimate ||ag3) II,
a5 and [|0-a5"].
First of all, we prove (3.22). From the definition of Aaf’) we have

3 3 3
1Az @] < 2y Aa® || + I[A, 2,)al|
3
< |0kl py + Cllz, gy
3
< |0hllpy +ClaP|l, - -

S) along the direction 7 (recall that 7 = w'|lw’||71)

3
ag))L:

We then decompose z,a

and its orthogonal complement (2,
3 3 3
20 = {20 )T+ (20
We deduce, again by Theorem 2.2,

3 3
(zyal) 2N < Closhllp. + Cllag” |, -

The component of zvaf) along 7 can be bounded by using (3.17) and (3.20).
The proof of (3.22) is completed by repeating the argument with ~ replaced

by v — % and applying the bound to ||a§t3)||7_%.
We now turn to (3.21). Note that
2
Aa(f) = A(z,,aza;I ))
= 2,A4(8.a\”) — [2,, A]0.a\”) (3.24)

/
= ZWBZAaf) + zy%af) — (2, U]Bzagf).
/
Clearly, by the decay of w’, ||zv%af)|| < C||a512)|| < CJlh]|p by Theorem
w
3.2. Since

zvaz(Aaf))i = —ZWBZ(TLW /dvvf([ - P)hi) = (3.25)

/

1 w;
_Z’Y(T—wi /dvvf(]— P)azhi) —|—va /dvvﬁ([— P)h; ,
again by Theorem 3.2 and the decay of w’ it follows that

lz0:Aa2|| < C(10:hll Doy + 111 ) (3.26)
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By (3.13) we have for the commutator [z, U]azagf):

H/dz’U(|z — ') (zy — z;)ﬁzaf)(z’) < C||zv_%8zaf)||. (3.27)

We therefore can decompose

aff) = (aff), T+ (agf))J‘.

By (3.17) and Theorem 3.2 we have

2
1@, )7l < llai?]] < ClAlp.

But || (agf))l” is bounded by using the spectral gap of A and the inequality

14a@ ) < C (I0llp + 10:hll Doy + 12,3007 ), (3.28)

=3

Collecting terms and iterating once the inequality, as before, we deduce
(3.21).
Finally, to estimate 0, (agl) - z.yaf)), we use the commutation relation

/

Ad,a; = 0,(Aa); + Z—%ai (3.29)
to get
(AaM); = (A(Zvazag)))i
= 2,0:(A0;)i = (24, A3 + %@L("l))

K2

By equation (3.6) and the definition of Aaf’)

ZWBZ(AaS))i =

2 (Ad®); 1 2, [ T; [ /R o, I(T ~ P)hi + Fi(h)(ah)i]

1 2
+az <T—’wz) /]RS dv ’UZ(I—P)I’L»L:| .

Therefore,

2y

3

[/11@ dvv, L(I — P)h; + F(hj)(ah)i}
20, () [ av e - o] = @, 0.0 + Zulla):

Tw; wy
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Using again the commutation relation (3.29) and the previous relation, we
find

A
=0, (Aa(l) — (A(zvaglg)))i — %(a(l) — zyagf))i

¥
wy

/

wl
= 0. (Aa{); = 2 (Aaf?); = (125, Alap)i| = =5 (0l = 2,01,

w;

ol / dvu.L(I = P)hi + F\(an)(ar); )

(€]
zywi(ay’);
_ ([ZV,A]azaEf))i _ #2’1)

+8Z(T:’lll}i) /}R3 dv v2(I — P)h;

/
—([ZW,A](L@S))Z- — (4, z.y]af))i} * _;(a(vl) - Z’yaf))i

The terms involving the commutator can be estimated by moving the z-
derivative on the potential U inside the convolution.

We only need to estimate 0O, <%Fi(ah)(ah)i), all the other terms being

estimated by arguments already used. We expand it as

0. (72 ) Fann(an)i 2

[(0:U * 9 (an);)(an)i— (U * 0x(an);)0: (an)i]

Ww;

The first term is bounded by
2 1
(1123 af2 1+ N1z, - 30-af1) flan
We modify the last two terms above (up to the factor (T'w;)~1) as follows:

— (U # 2,0-(an);)(an)i — (U * 2,0-(ay);)0-(an)s
— U2,y (8zag))j)z%8z(ah)i +[0.U, 2,]0-(an);(an)i
+ (U, 5,)0-(a}?); + [U, 2, - 1]0:(a},),)0- (an)s

73

The L? norms of the last two terms are bounded by

2 1
(13- 3as2 1 + 12,3 2021 (lanll + 10-a1] )

< b0 (Ipyy I+ 19ehp 1)

The inequality follows from Lemma 3.3 and the smallness assumption ||ap ||+

[|0-an|| < . The contribution from aﬁf) to the first term is easily bounded
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by the first part of Lemma 3.4. We write the contribution to the first term

due to ag) (up to the minus sign) as

(U 0. ((@); = 2(af?);) + .U % 2, (af?); ) (an);

Finally, we get

0. (72 Fan)(an) )

3

] < do(lp s I|+ 10eAl s )

3 3 2
+ (10:(a?) = 2| + lzafd | + l1240:071)
% (lan ]l + 10:an]) + 19-a ]|, 1 0:an]] 1.
We use (3.21), (3.22) and Lemma 3.3 to get
3 2
2521l + 129005 + 10-aD ||, 11| < 1Al p s + 10k .y -
We therefore conclude, by using ||0.a(") ||% <C,
3
|A@.al) — 20| < C(|0n] b,y
3
Il o1 +110:(08) = 2,02 N (lanll + [0:anll).  (3.30)

We then split ||8z(a(yl) - zvaglg))H into

1
H(Bz(afyl) — zvagf)),ﬂTH + H (az(a’gyl) - zvaf)))

By using (3.17), Theorem 3.2 and (3.20), the first term is bounded by ||k||p.
The second can be absorbed in the left hand side for {||ag]|||+]|0-an| } small,
by using the spectral gap for A. This concludes the proof of (3.23). O

4. Energy Estimates and Decay.

In this section we obtain bounds on the L2?-norms of the perturbation
and its space and time derivatives, which will ensure the stability of the
front solution, as well as on the y-weighted norms which control the space
decay of the perturbation and, as a consequence, the rate of convergence to
zero of the perturbation as ¢ — oco. All the estimates are obtained via an
energy method based on a notion of “energy” which is constructed in terms
of the linearization of the Liapunov functional G, which replaces the usual
entropy functional in the case of long range interactions. The so obtained
energy involves the quadratic form associated to the operator A, as discussed
in the Introduction. All the estimates are based on the following Lemma,
depending on the structure of the linearized equation, which is common to
the equation for the perturbation as well as to the one for its derivatives.
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Lemma 4.1 Given I' = (I1,1%), let g = (g1,92) be the solution to the
equation
ogi + Gigi — Lgi = I, (4.1)

with Gig; defined in (1.9). Then, with the usual orthogonal decomposition
we have:

bl Lo+ 3 [ [ arsiia-put}

- Z / dzdv (I P)g;L(I — P)g;
RxR3 w; M

g=a,sM+(1-P)g,

1
= (Aay, I’ —

(Aag, I) + {7
Note that the inner product in right hand side is just the L?(dzdv) inner
product.

(I — P)g,I).

Proof: Repeating the same computation as in Section 3, we have
M(@t(ag)i —i—vzwi@z(Aag)i) =—-0i(I-P)g;i—G;(I-P)g;+L(I—P)g;+1I;.
We take the scalar product (-, - ) of (4.1) with Mw;(Aag); + (I — P)g; to

2
1 & d 1 )
3 2} - { dzdvM (ag)i(Aay); /RX]R3 dzdv o (I — P)g:?| =
{ dszMwi(Aag)ivzaz(Aag)i—/ dzdv(I — P)g;v,0,(Aay);
R

RxR3 xR3

RxR3

—/ dzdv(Aay):Gi(I — P)g; —/ dzdv (I = P)g;G;(I — P)g;
R R

xR3 xR3 wj

L 1
' /Mimv My ¢~ D)oL= P)gz} + (I Aag) + (37=(I = P)g, T).

The first term on the right hand side vanishes since w;(Aag);0.(Aay); are
functions of z,t¢ only and the Maxwellian is centered. By recalling the defi-
nition of G, (1.9),

Gi(I = P)gi = v.0.(I — P)g; + U x w;0,, (I — P)gs,

we have for the third term

—/ dzdv(Aay);G;(I — P)g; = —/ dzdv(Aag);v.0.(I — P)g;
R xRS R

xXR3

= / dzdvd,(Aay);v.(I — P)g;
RXxR3
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which cancels with the second term (— [; ps dzdv(I — P)g;v.0.(Aay);) in
the right hand side. By using the definition of G; we get for the fourth term

1
- dzd I — P)g;Gi(I — P)g;

/RX]R3 : vai( 9:Gi )g
= — Ll _ N2 / _ N2
= /RXR% dZdewi 5 [vzaz((f P)g;)* + U*wjavz((l P)g;) }

w'

= Jos -+ 68U I-P)g;)* =0

/]R><]R’g ‘ ’U2sz[wl + BU * w; ](( )9)

by using the equation for the front. O

In the next Lemmas we apply above identity and the estimates in Section
3 to bound the weighted norms of h and its space and time derivatives.

Lemma 4.2 Let 0 <~ be sufficiently small. Then if ||h(t)| ar,y < do

5 dtl\ Ol3s + vollh®ND., < Clv +80) (10 (O)D - + [MD]D,5), (4-2)

with vy given in Lemma 2.1.

Proof. Note that g = zh satisfies

A 2 z [
where
Gh; = szwZﬂ/dZ/U/(z —2")(zy = 2))(an);(2',1) . (4.4)

We now apply Lemma 4.1. We first treat F'(ap)d,.g. Notice that
(F(an)dy.g, (Aag)) =0

and

2 1
Z 'Uzgza sz (I - P)gl)

Wiz (lagl +110v. (I — P)gllM)] I = P)glim
< C[HathHD +Ikllp]llgllar llgllp + IAllar llglD
2
< Coo[l|hllp + 19:hllp]™ + CdollgllD-

Next we estimate Gh;. Note that (Gh, Aa,) = 0. By (3.13),

2y = 241 < O1lz = 2l(20y +2,_) < Oz = &

1
2
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for v < % 3, recalling ap = (1) + a(2) we deduce that

Miwi(l - P)Qi)
=0 [t - Py ([ s VoG = e — ey (410
=5 / dv v.(I — P)g; ( / dz 0.U(z — )|z — zu(am(zctn)

+ﬁ/dv v.(I - P)g; (/ dz' Uz — 20, [(2y — 2 )(aél))j(Z’,tﬂ) ;

Hence

(Ghi,

\(ém, (I P)g)

1
Muw;
(1)
za
= I = Pl

) 1)
<
CW(II% |+ [10za, " | + U T

< C1lllgllh + 12egllB] -
We have used (3.12) and 3.9 in Lemma 3.3.
2 Z 3 . . —
For the third term 79 n the definition of I, (4.3), since v, M1

=p719,, M~ an integration by part in the v—variable and again estimate
(3.12) give

e

220,79; 1
I — P)g;
<1+22,Mwl( )9)

2zv,y(I — P)g; 1
1+ 22 ’ Muw;

=1

|
VM”

(- P)gz')

i=1

+
M-

2zv,v7Pg; 1
—_— I—P)g;
< T2 ,Mwi( )g>

=1

> 22v,79;
Z( 14 22 ’Mwl(l Plg )‘

22(I — P)g; 1 9 9
< cw; (B2 0= Pas) + Crllowlh + ol

< Cy[lleglB + 9l B] -
On the other hand,

2zv,y(I — P
‘<17£L—Z2)g~4ag>’ < YT = P)gllmll=——Aag)|.-

1+2
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We use the splitting

Aayg)

’ ‘ :

z
)|+ [t

z
1422 2200

and introduce, as usual, the commutator to get

z
1+ 22

z zZ
|z < [

2
1+ 22 g + 2 [Ua Z’Y]a( ))

N

The above term is immediately bounded by using he definition of Aaﬁf), the

second by using Theorem 3.2.

1)
h

As for the contribution from a; ’, we have

Z 1) ZZy (1) ? (1)
[z <o ()| + i i

< C([19hllpy + 1l D) -

Indeed, the first term is bounded by using the boundedness of A and (3.12).
To bound the commutator, we use

!
e = s ) s 09
R

1422 1+22 14272

the inequality

' |z = 2|

z z
_ <c 4.6
‘1-1-22 1+22| = 7 (1+22)12(1 + 2212 o
and (3.10).
Therefore
2zvy(I — P)g
(EUD 0,)] < o0 o + o)

and this concludes the proof of the lemma. 0O

We notice that in the proof of this Lemma we are allowed to apply (3.12)
since we are assuming v small enough and hence also v < %.

Lemma 4.3 If ||0h(t)|| s,y + [|R(t)||ar < 00, then

| =

10:2 (131 5 + 0 llO )T, < Clv + 80O 1D, + ClRBIT -
(4.7)

N =
U

t
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Proof. Let g = z,0,h. We have

227)2791

By Lemma 4.1 we need to estimate
1
Aag, I’ ——(( —P)g, I
(Aag, I) + (57— (T = P)g, )

2vzv,9

We first estimate the contribution due to
1+ 22

a9M+ (I_ P)ga
<272vzg Aa > <2wzvzaqM7Aag> N <272UZ(I_P)Q,A%>.

1422’ 1422 1422

. By using again g =

By the same argument used in Lemma 4.2 we have

z =2z — 2|
|z = | (25) v vt
< C)(1+ 2 dyanll < CIT — PY.hllar.,_y.

Aay

The last inequality is due to (3.4). We therefore have
2vzv,
VI
1422

1
We now estimate |<M— (I -
w

< elohllp , + CAllo:nlT s

)9, RUz79

915, 5)|- As before, an integration by part

in the v—variable, provides

1 ZU79
1 B zv,v(I — P)g
w g 14 22

1 2v,v(1 + 22)Y Poh
< (I = P)g, 2 (4.9)

+

<oy KW(I— P)a.0..(1 - Py )

+ CAlI(I = P)gl3s + Cell(1+ 2°) 2 Oyan?
< Cyllonll;,

M ‘

We estimate the second term Gd;h; in I by first noting that (Gd;h, (Aa,)) =
0. With an argument similar to the one used to estimate Gh, we obtain

1 ~
‘<M—w(1 — P)g, Gath>’ <elgly + Cﬂ”ﬁthHQDw_%.
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As for the third term in I", F'(h)0,, g, we note that
(F'(h)0y. g, (Aag)) =0,

and
(F00,.0. 571 - Plo)

= (P10, Py. 511 = Plg) + (F00,.(1 = Plg. 51—~ Pla)

< ClIFi(W)llso (lagll - I = P)gillar + 100 (I = P)gll3s) -

Hence

1
(1900, 571~ Pa )| < Clo-anl (gl - Il + )

To estimate the fourth term z,F(0.ap)0,, h, we first remind that
(24 F(Oran)0y, h, Aag) = 0.

Since by (3.4)

27 F (21 0ran)llco < CI(I = P)O:hllar,y

and
127, Flotan) oo < CII(I = P)O:hpry-1

we have, by using the smallness assumption and integrating by part on v,

1
KZWF(atah)avzh, m(l—P@\ < Clhlar 1|22 F (@ran) e 106h]1 5

< Co|0n,,-
This concludes the proof of the Lemma. 0O

Lemma 4.4 If ||0h(t)|| s + [|h(t)]|ar < do, then

1d
5 7 10=ROll3r + vollo-R@) D < C (I + 19:h5 + 60| 0h]|5)(4.10)

Moreover, given 0 <y <1, if [[0h(t)| a5 + |A(t)[[ar < 00 and [|0:h][pr1 <
n, then

1d
2 dt
< C (10, + 10kl , s + SollORID, +A0:RI% s JA11)

1078|131, + vollO=R ()1
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Proof. We define g = 2,0, h to get

2v2v,9;
Orgi + Gigi — Lgi = 1522

+GO.hi + 0.U * w0y (2yhi) — Fi(h)Dy,gi — 2y F3(0:an)dy_ hi = I

+ 2y Bv, MwU * 0.a;

where G is defined in (4.4). Since g = a,M + (I — P)g, by Lemma 4.1 we
need to estimate

(T, Aay) + <ﬁ(1 ~ P, r>.

In this proof, for consistency with the notation in Lemma 3.4, we switch

2 zY1i
from a4 to a,. We first estimate the first term 17_2:) g .
z
27v2v.9 2yzv.a, M 2vzv,(I — P)g
<1+Z2,Aa7>_<71+22 ,Aay ) + BT JAay ).

The first contribution above vanishes. For the second term, we split a, =
agyl) + agf). Then we have

Z 2
e

< Cl0-hllp,
by an argument similar to the one used in (3.24) — (3.27). On the other

hand,
z 1) 1 z z 1
1+z2Aa(7)_A<a(7)1+z2) * [1—1—22’14} ai’.

By the boundedness of A,

N 2
HA(GEV : 1+ 22)

1
< Clz, 0l
The commutator can be estimated in the usual way and we conclude that

1
< Cllzy- 300

Z 1
iz e

Collecting all the estimates and using Lemma 3.3 to bound sz_%aza;ll)H,

we have

< 1
H1+22Aagy)

< C (Ihllp g + 10l -3 )

Therefore, for any € > 0 there is C. such that

2vzv,(1 — P
‘<M,Aav>‘ < e)l@:hlb,, + Cor(|hl?,

2
s +l10RI3, ).

1
Y3
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We deal with next term as we already did to get (4.10): Using v, M~ =
B710,. M~1, an integration by part in the v—variable, provides

1 2U,7Y¢g
—{UI - P
’<Mw( )g’1+22>‘

S’<L(I_P)gjzvzw(I—P)g>‘+’<L(I_P)g,zvzvszazh>’

Muw 1+ 22 Muw 1+ 22
1
14+ 2]

< el = P)gl3s + Cov (Il —y + 10RI3, s + BB + 110k]13) -

<O (I = P)gdu. (I = P)gliar +ell( = P)gli3s + Cerllz, -y Ozan?

In the last inequality we have used Lemma 3.3 and Lemma 3.4.
The second term is easily obtained by Theorem 3.2. Indeed,

(2,80 MU * 0., (Aa)s) = 0

and

W
(z,yﬂvsz *0,a;5, (I — P)g;)

<ell(1 = P)glis + e (1012 + 112
< ell(1 = P)gllis + Ce (l0:hll% + Al13) -

We now estimate the fourth term z,0.U * w;-(?vz h;. Notice that

(240U xw'0,_ Ph,(Aay)) =0 .
Introducing as usual the commutator, we obtain
|(240.U % w'd,_ (1 — P)h, Aay)| < [(240,U * w',_(1 — P)h, 2, AD,ap)|
+ [(240.U * w'0,, (1 — P)h, [A, 2,]0.a4)]| .
Then we have the bound |z2w’| < C because of the fast decay of w' and
|AD.an|| < C(||h|lp + ||Ok||p) by using (3.21) and (3.11). The commutator
term is bounded by using (3.14) to obtain [[[A, 2,]0.an|| < C|0-anl|,_1

which is then bounded again by using (3.21) and (3.11). In conclusion we
obtain:

[(220.U % w0, (1 = P)h, Aay)| < C (IBlp,—y + 19R] -y ) 12
On the other hand,

1
(240U * w'0,_h, M—w(I — P)g)
1

= (2,0.U xw'd,, (I — P)h, o (I —P)g)

1
+ (240U x w'0,, Ph, i (I — P)g).

w
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The first term is clearly bounded by ¢||(I — P)g||%;+ C:||h||% . For the second
term,

2

1
;(ZV@U * w0y, Ph, m(] — P)g)

2
< <ll(1 = Pl + C: (10unl3 + 1013 + I + 1RI13)

To get the last inequality we have decomposed, as usual a;, = ag) + af)

and bounded the contribution due to af) by the first part of Theorem 3.2

and the one due to ag) by using (3.10) and the fast decay of w’. Then, by

using Theorem 3.2 we get the final bound
1 2
el = PYgli3s + C- (1912 + a2 )2 + 1))
< el|(I = P)glli; + C: (0:hlH + [IR11B) -

Now turn to the third term Gh in I'. Since <Gh, Aay) =0,

1 ~
<M—’w(I — P)g, G@zah>

< el — P)gli3s + Cellduhll3, s+ Cellnl .

For the fifth term F(ap)0y, g, we note that (F(ap)0y, g, Aa,) = 0 and

(P01~ Pio)
< F@n)0,. Pog (1= Pl Y+ Fl@n)0.. (1 = Phacg (1~ Pla)

< ClIF(an)lloe (las 11 = Pgliar + 10 (I = Pgll3s)
< Cllozan]l (lay I = P)gillar + 110w, (I = P)gll3,)
< Cdo (lglp + 115 + 10:R15) -

Finally, to estimate the sixth term zF(0.ap)0,_ h, we note

/ dv zyF;(0.ar)0,_ hi(Aay); = 0.
R3

To treat the last term we consider separately the case v = 0 and the case
~v > 0. In the first case we simply get,

‘<F(8Zah)6vzh, Miw(l - P)Bzh>}

< C(l10:zanllllanll + 10-anll[[2]|p) [[(I — P)O-hl[m
< Cdo||0hl|3,

by using (3.11) and (3.21) with v = 0 to bound ||0,ax]|.
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In the case v > 0 we need to employ Lemma 3.4 to treat the last term
as

1
<27F(8zah)8vzh, m([ — P)g>‘

<[(Fenont. gt - i)+ [{ . FrO.00)0 1 gt P

< (11 Nanll + Nyl - [10115) 1T = P)gllas
+ (U100 = 2,a Y + a2 1) - lanl ) IZ = P)gllas
+ (2= 32-01 - lanl) 1T = P)gllas

< Coo (1lglt% + 18113 + 1981, + 112,y + N0chl3, ).

We deduce our lemma by letting £ small and using §p small. O

We remark that this is the only point where we use (3.23). The relevance
of this estimate is in the fact that we get a bound involving the norm of
the function with a power v — % This is crucial for the final consistency
argument.

Proof of Theorem 1.2: To prove the first part, we start with v = 0 in all
three Lemmas 4.2, 4.3 and 4.4. We multiply by a positive number K (4.2)
and (4.7) and add both to (4.10):

%%(K(Hh(wnﬁw + |0ch(t)]13) + Hazh(ﬂl\?w)

+Kuo (IO + 120013 ) + voll0-h()]13
< (Ko (In)I3 + 19h()[B) + [AO]

H19(0) 3, + Sollo-h(0)]3).

C
By choosing K > — and §p < ﬂ, we obtain that
4V0 4C

(K (0l + 1013,) + 10:213))
2 (K 1okl + IAlb) + 0-hl13) <o. (4.12)
Then, a standard continuity argument shows that the assumption

IR (013 + 1ORE)II7; < 6o

is verified at any time ¢, thus completing the proof of the first part of
Theorem 1.2. In particular, we have

[ ae(x (001 + OI) + 10:-HO1) < CUROIR -+ 10O
(4.13)
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To prove the second part, we first prove an inequality like (4.12) for
the weighted norms with weight z,,, for 79 small. We will use a standard
continuity argument with the assumption

(IR + 10RO, 11,) < Fo- (4.14)

As first step, we multiply once again (4.2) and (4.7) by K and add them to
(4.11)

1d
53 (KUR®Rra + 10RO ) + 10:50)15,)

+ Ko ([} + b0, ) + ol 0RO,

< KC(0 +80) (110(0) [y + By + 19003, )
+ KCIn)I3,,, s +C (IR .,

10BN 5,y + 20l 0RO, +8lORD)3,,, )

For 7 small enough, for dg small enough and K sufficiently large we get

d
= (KUR®I1 0 + 10O 31,) + 10:0(0) 3 1,)

+ Ko (IR0 1, + 0h D)1, ) + voll =B 1,
< KC(|on@)I} + [11(1) ).

N =

Then, as before, by using (4.13) we can conclude that

2 / at ( Kvo (IR o, + 0h(0)[B5,) + voll RO, )
< O[O 131,40 + 1080 131.,)- (4.15)
Finally, we let v = ~o sufficiently small in (4.2) of Lemma 4.2, while let

=1+ in (4.7) and (4.10) of Lemmas 4.3 and 4.4. We then multiply a
large constant K to both (4.2) and (4.7) and add them to (4.10) to get:

1d
S (K (10O ey + 19RO 13 ) + 10RO 1)

K (ol ROl + Vol RO 41 ) +voll BB 4 s

1
< KC(yo + 5+ 60) ([0ROID 1 + IR(0D,10)

1
40 (G101O o, + 100, + 10O, + BIOROIE, ).
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Then, there is a large constant K such that, for §y small,

d

(KO, 3y + KR r) + 18-l s

+ oK (1013, 5 4, + 10113 5, ) + Voll0:Rl p ro g
< KC([0h]D 5, + 101D 4,) -
Using (4.15) and a standard continuity argument, we obtain:

sup () |ar50 + 102) 11,1440
0<t<oo

< C(I1h(0) a0 + 110200 ar,11,) (4.16)

and the a priori assumption (4.14) is valid when [|2(0) | 7,5, +[[0R(0) [ 47,1 4+,
is sufficiently small.

We now turn back to (4.12). We want to control ||h||ar + ||Oh||ar but up
to now we only have a uniform bound on ||h||p + ||0h||p. What is missing
is a bound on ||ap||. But from (4.16) and an interpolation,

1 1
la Il < 11+ 2%)120.a;|
27
< Cl(1+ 20,0 |70 x [0a)) |70

1 270

< C{lIR(0)lyo + 10RO 346 } T (IRl 5™ -

As for af), and day, by Lemma 3.2, we conclude that they satisfy the same
inequality above with 7o = 0. Therefore, let E,, = {||h(0)||30+||8h(0)||2l+70}
2

142~9

1
{InlH + 0813} = CE, 0 {||B]|* + |0h]} =0
We thus conclude that:

%{Hazh”?\/[ + K ([R5, + 0k ]300}
OBy T {|0.hl3, + K (B3, + 930} 5 <.
Denoting y(t) = [|0:h]2, + K (hl13, + [9:h]3,), we have
y’y_l_ﬁ < —CE(;ﬁ.
By integrating between 0 and ¢, we deduce
- WO - () < —CEy

Hence from y(0) < Ey we obtain

C

1 1
—E, 7% + {y(0)} 70
270 0 {y(0)}

1 _ 1
- t 270 > t

> {ti + 1}EO_ﬁ
2%
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and the proof is completed by solving for y(¢). O
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