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1 Introduction

We study the small Knudsen number solutions to the Boltzmann equation in
a slab with diffusive boundary conditions in the presence of a gravitational
field.

In a previous paper [1] we have proved the existence and stability globally
in time for small Knudsen number of a positive one-dimensional stationary
solution to the Boltzmann equation, which is close to the hydrodynamic
laminar solution of the Oberbeck-Boussinesq (O-B) equations. At the hydro-
dynamical level there is a bifurcation phenomenon: when the vertical temper-
ature gradient exceeds a certain critical value, the laminar one-dimensional
solution loses stability and various two- or three-dimensional pattern flows
appear. In particular, it has been proved the existence of a two-dimensional
roll solution of the O-B equations close to the bifurcation point. Its stability
under suitable perturbations has also been proved.

In this paper we construct, by means of perturbative arguments (expan-
sion method), for small Knudsen number, a positive two dimensional solution
to the stationary Boltzmann equation, which is close to this roll solution.
Moreover, we prove its stability for long times under a suitable class of two
dimensional initial perturbations. These results are true for values of the
Rayleigh number above and close to the bifurcation value, provided that the
force is small enough. To state our result, we need to introduce some notation.

Consider a gas in a 2-dimensional box of height 27d and length 27h, under
the action of a gravitational force g in the direction z. The upper and lower
walls are kept at temperature T and T_ respectively, with T < T_, with
no-slip conditions, while periodicity is assumed in the horizontal direction. At
the kinetic level, the behavior of the gas is given by the following Boltzmann
equation with boundary conditions diffusive in the z direction and periodic
in the = direction, written in dimensionless form,

oF 1 OF 1 OF G OF 1

ot T2 ar Y2 Y, — 2R,

(1.1)
F(0,z,2,v) = Fy(z,2,v), (2,2) € (—pm, ur) x (—m,7), veR?,

F(t,z,Fm,v) = MJF(U)/ |w,|F(t,z, Fr,w)dw,t >0, v, 20,

=S0

for « € [—pm, pw|, where

1 'U2 ]_ 'U2
Fy > M_=—e 7 M = —————— ¢ 2(0-2meX)
020, ¢ +() 271'(1—2775)\)26 ’
4 1 dg \T_-T, _h
T G_sQT_ Ti o MW

Q(f,9)(z,v,t) /Rgdv*/ dwB(w, [v — v.){flg + F'g. — fog — g f}-

Here h',h, h, h, stand for h(z,z,v',t), h(z, z,v.,t), h(z, z,v,t), h(z, 2, Vs, t)
respectively, So = {w € R®|w? = 1}, B is the differential cross section
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2B(w,V) = |V - w| corresponding to hard spheres, and v, v, and v’ v, are
precollisional and postcollisional velocities or conversely. The boundary con-
ditions are such that the condition of impermeability of the walls,

/RS dvFv,dv =0, (1.2)

is satisfied. The solution depends on the parameter € = 2v/6Kn / \/ﬁ, where
Kn is the Knudsen number given in terms of £y, the mean free path of the
gas in equilibrium at temperature 7_ and density p. We have also put Ma =
6\/6/ \/5, where Ma is the Mach number. With this choice, the Rayleigh

number ([19]) is Ra = 16G(2md)

7r
the paper the parameter G such that G < Gy with G suitably small. Fix

27d
h = crd where «. is the critical wave number for the first bifurcation. The

, independent of €. We will fix through

linear z{inalysis of the O-B equations with rigid-rigid boundary conditions,
(3.1) below, describing the behavior of the fluid at hydrodynamic level, gives
a critical value «, and a corresponding critical Rayleigh number Ra. [7].
The parameter A will be chosen in an interval [A., (1 + §)\.], for § small and

16G (27,
with A, determined by the condition that Ra. = M is the critical

value. With these choices, at the hydrodynamical level, t7€vo roll solutions will
appear at the bifurcation point, consisting of one roll, rotating clockwise and
anticlockwise respectively. These solutions are constructed perturbatively for
d small in a rigorous way [12] and their local non-linear stability has been
proved for small initial perturbations with the same period of the roll solution
[12].

The clockwise solution A is then of the form

hs = h¢ + d heon + 0(52>7 (13)

where hy is the laminar solution and hg,, is the eigenfunction correspond-
ing to the least eigenvalue of the linearized Boussinesq problem around the
laminar solution (see Section 4 for the precise definition).

In this paper, we construct a stationary solution Fs of the Boltzmann
equation, which is close for € small to the hydrodynamical solution (say, the
clockwise one) in the sense that it can be written as a truncated expansion

1 2

in e, F, :M+5fs+0(52) with M = W677 and
2_

fs:M<ps+U5"U+TS|U|2 3)7

where ps, us, Ts are expressed in terms of hs. Moreover, we prove the kinetic
non linear stability of F under suitable initial perturbations.

We study the Boltzmann equation for the perturbation ® = M~1(F — F)
with the initial datum

5
Do(x,2,v) = Z 6"45(”)(0, z,2,0) 4 5ps (1.4)

n=1
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where &™) (0, z, z,v) is the n-th term of the expansion introduced in the next
paragraph, computed at time ¢t = 0, and the e-dependent ps is arbitrary but
for having total mass [ dvdzdzMps = 0 and satisfying (3.8).

We write also the time dependent solution in terms of a truncated expan-
sion in €

5
D(t,x,z,v) = ZE”Q(")(t,x,z,v) +eR(t,x,z,v), (x,2)€2,, (1.5)

n=1
where (2, = [—pm, ur] x [—m, «]. The first term of the expansion in ¢ is

@(1) :p1+u1~v+91|v|QT_3 ;

where the fields p'(t,x,2),u!(t,z, 2), 0 (t,z,2) are solutions of the hydro-
dynamic equations for the perturbation, with initial datum (ug,63). The
initial data are chosen as follows: let (u,63) be an initial perturbations of
the convective solution (us,6s) sufficiently small to ensure that the solution
(u(t,x,2),0(t,z,2)) = (us(z, 2) +ul(t, z, 2),0s(x, 2) +01 (¢, x, 2)) of the initial
boundary value problem for the O-B (3.1) equations exists globally in time
and converges to (us,0s) as t — +oo.

The next orders involve kinetic corrections in the bulk as well as boundary
layer corrections. In fact, at next orders, the standard Hilbert expansion bulk
terms do not satisfy the diffusive boundary conditions and boundary layer
correction terms are to be included to restore the boundary conditions. They

A
are computed solving suitable Milne problems in the presence of a force F
and a source term S. Under suitable assumptions this problem has z-smooth

solutions when F is a potential force decaying fast enough at infinity [6].
We give in Section 3 a procedure to compute the @,,’s in the time dependent
case and show that they have good enough properties as consequence of
the smoothness of the hydrodynamic solution. In particular, they inherit the
smallness and decay properties of the hydrodynamic solution, such as the
exponential decay in time. The main difficulty is then the control of the
remainder R asymptotically in time. The equation for the remainder R is
a weakly non-linear Boltzmann equation with a source B, generated by the
terms of the expansion. Since it is weakly non-linear, it is enough to get good
estimates for the associated linear problem, which is of the form

9p + 1(U%QR + WZQR) ~mgl
3 avz

ot ox 0z

where L is the linearized Boltzmann operator, defined in Section 2, and
J(@p, R) is a linear operator depending on the perturbed stationary solution
and on the first terms of the expansion. The operator L is non positive on
Ly(R3, Mdv), but has a non trivial null space Kern(L). The linear operator
J(@p, R) is at least of order € but it is the main contribution for R € Kern(L).
The control of the component of R in the orthogonal to Kern(L) is given by
the well known spectral inequality for L (see e.g. [17]),

—(f,Lf) =z C((1 = P)f,v(1 = P)f), (1.6)

1 1
(MR) = LR+ —J(@u,R) + B,
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where (f, Lf) is the scalar product in Lo(R3, Mdv), P is the projector on
Kern(L), v(v) = [ps dvs g, dw3|(v = v.) - w|M(vs). On the other hand, it is
easy to check that

(f, (@, Pf)) < CIW'2PfI| |0 /2(1 = P)S].

Using this (and ignoring the boundary contributions) one gets the differential
inequality

1d

2dt
with || - |l2,2 the norm in Ly(£2, x R3, Mdxdzdv). This produces bounds
growing exponentially in time. To avoid this we use a spectral inequality for
the operator
L;(f)=Lf+¢eJ(Pu,Pf). The inclusion of the second term in the new op-
erator simplifies all the arguments in the control of the remainder. The price
to be paid is that L; is not self-adjoint and its null space is more compli-
cated. This inequality is an important new ingredient for proving stability
results in the Boltzmann equation framework. In [2] there was no need to
use this inequality to get the global stability result because in that paper
it was possible to take advantage from the fact that the constant C' in the
previous inequality can be taken small, while the parameter controlling the
bifurcation can grow beyond the bifurcation value. In the Rayleigh-Benard
setting, there is not such freedom.

To study the hydrodynamic part of R, PR, we use a duality argument

which was introduced by N. Maslova [17]. To illustrate how it works, let us
consider the typical equation one has to study in the stationary case

1 9
(s va — 5GM61}Z

with prescribed incoming data at z = £, periodic in z. One also considers
the dual equation

17 122<C 1 £ 12 +/ (B, 1),

n

1

1 0

vV —eG M 90,

with vanishing incoming data at z = 4, periodic in x. By taking the in-
ner product of the first by ¢ and the second by R and summing, one gets
an estimate of ||h]| in terms of ¢ and ¢ with suitably small coefficients. For
that, we need G small, but we can anyway have large Rayleigh number by
increasing A. Then one chooses h = PR and thus shows that || PR|| can be
bounded in terms of ||¢|| and ||¢||. The equation for ¢ is studied by means of
Fourier analysis, which provides a good control on ¢ but for the O-moment.
The estimate of the O-moment is based on a direct approach, by means of
rather explicit calculations of the first few moments of the solution using
o.d.e. analysis, for the one-dimensional case. This allows a reasonably simple
analysis when the incoming data are prescribed. Dealing with diffuse reflec-
tion requires more technical steps. This method has been exploited in [2]
and has been extended in [1] to the one-dimensional Benard problem, which
is more difficult to deal with because of the presence of the force and the

(M) = 2Ly +h,
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diffusive boundary conditions. In this paper, we extend the one-dimensional
analysis to the two-dimensional case by using that, both in the conductive
and convective case, for R < R.(1 + §) and ¢ small, the contributions due
to the inhomogeneity in the x variable are small and can be included pertur-
batively. A by-product of this analysis is the extension of the result in [1] to
two-dimensional initial perturbations.

Finally, the control of the nonlinearity requires L>°-estimates (in space),
which are more intricate by the presence of the force. We use techniques
based on the study of the characteristics, which are no more straight lines
because of the presence of the force. This is controlled by looking at the
characteristics in the phase space like in [9] and [1].

The main result of this paper is summarized in the following theorem.

Theorem 1.1 Assume that the gravitational force is such that G < G, with
Go small enough, and A € [Ac, (1 + 0)Ac]. Then, there are 6y and ¢ small
enough such that for § < &g, there exists a positive steady solution Fs to the
Boltzmann equation, such that for e < gg,

I Mﬁl[Fs — (M +¢fs)] ||2,2§ ce?

Assume also that the initial perturbation matches the expansion up to order
e* as detailed in Section 3 below, and is small as detailed in Section 4. For

such perturbations the stationary solution is stable uniformly in € for e < gq.

Here, stable means that the perturbation vanishes asymptotically in time.
This is a consequence of the inequality

“+oo
/ dt/ dxdz/ dv|®(t, z,, z,v)|*M(v) < oo , (1.7)
0 2, RS

which is proved in Section 4, and of the regularity of the solution which
follows from our construction.

The positivity of the stationary solution is obtained by using the meth-
ods in [5]. We remark that the method presented here for proving stability
strongly relies on the fact that the problem we are dealing with has suitable
stability properties at the fluid dynamic level, which we show to be pre-
served in the kinetic setup by means of a perturbative analysis starting from
an Hilbert-type asymptotic expansion plus boundary layer corrections. The
preservation of the fluid dynamic stability at kinetic level also occurs in the
Taylor-Couette case discussed in [2], where the bifurcation phenomenon also
arises.

The paper is organized as follows: in Section 2 we construct the stationary
solution as a Hilbert asymptotic series in €. For sake of shortness, we choose
not to give here the construction of the terms of the expansion, and refer
for that to Section 3, where we show explicitly the analogous construction in
the time-dependent case. We do complete the proof of the existence of the
solution in the stationary case in Section 2, by proving the main theorem on
the remainder. In Section 4 we deal with the remainder in the time-dependent
case and prove the stability result.
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2 Stationary case

In this section the stationary case is treated. Here, (and also in Section 4), for
sake of simplicity, we consider a square box [—, 7]? instead of a rectangular
box [—pm, um| x [—7, 7] and hence the z-derivative in the equation will have
a factor p in front.

We write Fs = M(1 + &%) in terms of a truncated expansion in the
Knudsen number € plus a rest term:

5
P (z,z,v) = Zsjégj)(x, z,v) + eRs o (x, 2, v).
1

The expansion will not be given explicitly here since all the ideas and details
are in the previous paper [1]. We only remark that the construction of the

Q(gj )’s relies on the solution to a Milne problem with external force given in
[6]. Moreover, we will give in the next sections more details on the analogous
expansion in the time dependent case. In this section we study the equation
for the remainder, beginning with some results on linear existence together
with corresponding a priori estimates. The section ends with an existence
proof for the nonlinear stationary rest term.

We denote by H = L%,(R3) the Hilbert space of the measurable functions
on R? with inner product (-, -) = (-, M- )a, where (-, -)o is the standard
L? inner product and ||- |2 the standard L2-norm, while || - || is the norm
corresponding to (-, -).

The linearized Boltzmann operator is defined, for any f in a dense subset
of H as:

Lf =2M~'Q(M,MFf). (2.1)

It is well know that it can be decomposed as L. = —vI + K, where [ is the
identity, K a compact operator and v(v), defined in the Introduction, is a
smooth function satisfying the estimates vp(1 + |[v]) < v(v) < v1(1 + |v])
for some positive vy and v;. The operator L is a non positive self-adjoint
operator with domain Dy, = {f € H | ||v2 f|| < +o0}.

The functions QZ}O = 171/J1 = 1;[}7‘ = vmwa = ’l/)y = Uya¢3 = 1/& = Uz;¢4 =
%(1}2 — 3) form an orthonormal basis for the kernel of L in H, Kern(L).
For any function in H introduce the orthogonal splitting f = f + fL =
Pf+ (I — P)f, where fj is called fluid dynamic part and is given by

4
fH(maZav):ijd)ﬁ fj = (fa¢j)7 j:707"'747
=0

while the non hydrodynamic part f, satisfies (fi,%;) =0, j =,0,...,4.
P denotes the projector from H on Kern(L). Note that the range of L is
(I — P)H. We will use the same symbol for the projections also when dealing
with functions depending on x, z,t. We remind that the operator L satisfies
the spectral inequality (1.6).
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For 1 < g < 400, let L7 be the Banach space of the measurable functions
from [—m,7]? in H, identified with the space of measurable functions from
[—7,7]? x R? in R with norm

1
2\ 2
q

| fllg2 = /]R3 dvM (v) </[_ . dxdz|f(x,z7y)|q> ,

Lt == {f : [-m, 72 x R > R | f [ly2< +o0}.

that is

Moreover (-, - )22 is the corresponding inner product for ¢ = 2.

We also need a function space for the boundary functions. We denote by
R the sets v = (v, vy, v;) such that v, = 0. We consider the functions on
[—m, 7] x {—7} x R} U[—m, 7] x {r} x R and define the norm

1
2\ 2
q

| f llg,2,~= sup / dvlv.| M (v) (/ d$|f($a¥7ﬂv)|q>
+ ]R?t [—m,m]

The Banach space L7 is the set of such functions with finite || - ||2,2,~ norm.
The ingoing and outgoing trace operators 4+ are defined by

flomen, ifv€RY,
vEf = { | N
flo=m, ifveRS.

The function space where the stationary solution will be constructed is
the space

WO = {f:[-ma> xR* > R|v2fe Ll v 3Df e LI v fe Lt}

Note that the norm || - |22~ is defined only for incoming velocities. In
the sequel, with an abuse of notation we will denote by || v~ f |[2,2,~ the
I - ll2,2,~-norm of Sy~ f, where S is the reflection of the z component of the
velocity.

We do not explain here how to construct the terms of the expansion

@9 ) We simply state a theorem about their properties. We assume that the
Rayleigh number Ra is in (Ra., Ra. + 0) with § > 0 and sufficiently small
and will consider, for sake of definiteness, the clockwise convective solution
corresponding to it.

Theorem 2.1 The functions q’>§"), n=1,...,5 and ¥, can be determined
so as to satisfy the boundary conditions

Mz (v)
M(v)
—|—7,/1n75(:17,:|:7r,w), t > 07 UZ 2 07

& (z, Fm,v) =

[ e M ) = o T
w, S0
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and the normalization condition ngx[iﬂ ]2 dvdzdzd™) = 0, so that the

asymptotic expansion in e for the stationary problem (1.1), truncated to the
order 5 is given by

5
FP) (g, 2, v) = M(v) (1 + Z 2o (g, z,v)) .
n=1
The functions ) ’s satisfy the conditions
| &) ||lgo< 00, || 8™ ||w2< o0, n=1,...,5

Moreover the &™) s differ from those of the laminar solution by O(J).

The functions ¥, are such that ||t ellg2,~, ¢ = 2,00 are exponentially
small as € — 0 and fRS dvv, M (v), . = 0. Finally, there exists a stationary
solution to (1.1) in the form

F,=F{**P) 4 ¢R, ..
The remainder R, simply denoted by R solves the boundary value problem

0 0 _10(MR)
/U,'UI%R*F’Uz&R*EGM T’(}Z
5
1 , ,
= ELR+ZSJ’1J(¢(J),R) +J(R,R)+ A (2.2)

=1

Mz (v)
M (v)

Rz, Fm,v) = / |w, | M (w) (R(gc, Fr,w) + él/jg(am q:7r,w)>dw
w, S0

1.
- = (z, Fm,v), forv, 20 andz € [—m, 7] (2.3)
5

_ 2
where L1y, = —Zizl e, J(h,g) = MQ(Mh,Mg) and A is a smooth

function bounded in || - |42, ¢ = 2,00, such that/ dvM(v)A = 0.
R3

We do not give here the explicit expression of A for which we refer to [1]. It
has to be considered as a known term in the rest of this section as well as
the #U)’s. The terms of the expansions contribute to A together with their
space and velocity derivatives. It suffices to know that it has finite || - ||4,2-
norm. Note that M and M_ differ just by the normalization and that the
Un,e’s are known functions exponentially small in € due to the boundary layer
corrections in the expansion. With these boundary conditions the remainder
satisfies the impermeability condition

dvv,MR =0 (2.4)
R3

at the walls.
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Now we start the analysis of the equation for the remainder R. The first
important result is a spectral property for the operator L; below: fix z, z
and define, for each f € H

Lijf=Lf+eNPf, (2.5)
with

5
N=Jg, ), q= Z€"—1q5g")_
n=1

Note that in the time-dependent case the form of ¢ will be slightly different
but without affecting the argument below.

The operator Ly is not symmetric in . We denote by L% its adjoint. To
characterize the kernel of L;, Kern(L;), note that the functions

by =; —eL™ Ny, (2.6)

are in Kern(L;), where, for € (I — P)H, L' f denotes the unique solution
of Lg = f orthogonal to Kern(L). In fact, Ljt; = Lp; —eNPt); +eN P, —
e2NP[L™'*NP1;] = 0, because v; are in Kern(L) and the last term is zero
since P kills the terms in the range of L1,

It is easy to check, by using (1.6), that, at least for e sufficiently small,
they actually span Kern(L ;). Indeed, suppose that there is g € Kern(L ;) with
lgo|l = 1 such that (g,%;) = 0. This implies g = EZ?:O(QL7L_1N1/JJ')¢J‘.
Moreover, 0 = (g,Lsg) = (9.1,Lg1) + (9L, Ngy). Therefore by (1.6), C' <
—(g91,Lgy) = &2 E?ZO(QJ_,N%)(QL,L”N%) < «ag?, for some positive a
independent of €. This is in contradiction with C' > 0 for ¢ sufficiently small.

Let P; denote the orthogonal projection onto Kern(L ;). Since the range
of Ly is (I — P)H, it follows that Kern(L¥%) = PH = Kern(L).

Consider the space N generated by {¢o, ..., %4, L= *Nt)g, ..., L7I Ny}
We decompose this space into Kern(L ;) and its orthogonal complement in
N, L.

Moreover, (I — P)H can be decomposed in the span of {Nq,..., Ny}

and its orthogonal complement, L,. It is easy to check that
H =Kern(L,;) ® L & L,.
Indeed it is enough to show that N, ¢ = 0,...,4 is a combination of
L_lNl/Jj’s and v € L,:
4
Ntpp=> g L7 Ny +u, (Ngyg,u) =0, £k=0,...,4.
j=0
We take the inner product with Ny

1
(Ntbw, Ntbg) =Y ag j(Nwpj, L Najy,).
=0

The matrix with elements (N1, L~1N4) is non singular, hence the oy j are
uniquely determined, and w as a consequence.
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Proposition 2.1 (Spectral gap property of L;) There is g > 0 such
that, for 0 < € < gq, there is ¢ independent of €, (x,2) and §, for which the
following inequalities hold:

w(I = Py, (I = Pr)yp), (2.7)
(w(I = P)e, (I = P)yp) (2.8)

Proof. First take (z, z) and the Rayleigh number fixed. It is then enough to
consider the set H of all functions ¢ = (I — Py)p = ap, + b1, where p; €
Ly and ¢, = (I — P)p, € L,, and with 1/%4,00 and ¢; of norm one and
a® +b? = 1. First notice that (v, ¢) is uniformly bounded in H. It remains
to show that the left-hand side has a positive bound from below. But ¢, can
be decomposed as a sum of an element ¢17 in Kern(L) with norm of order e,
and an element L~1 N1 in the span of {L ™1 N4, ..., L= N1, }. Then

—(Lyp, )

>c
—(Lyp, ) > c

—(Lyp, ) = — <GL% +bNp12 +beNp11, a0, + bp11 + bL—1N<P12)

= —a®(Lpo, po) — b*(Nep12, L™ ' Nep1o) — eb®(Np11, L' Neppo)
> C(a®(V o, 0o) + b* (L' Np1o, LT N@12)) 4 eb? (N1, L Nopya).

The first equality follows from the fact that (11 is in Kern(L) and is or-
thogonal to the range of L; the second equality is due to the fact that
(00, No12) = 0 = (g, N11) by the definition of L,; the bound (1.6) has
been used to obtain the inequality. Since the last term is of order €2, it follows
that for € > 0 and small enough

C _ _

5(“2(V<Pia 1)+ b (L 'Np1a, L™ 'Npya)) > ¢

for some ¢ > 0. The first inequality in the proposition then follows, since
the constant depends continuously on (z, z) and the Rayleigh number is in a
compact set. The second inequality is obtained by similar arguments. [

7(LJ807SD) >

We only consider Rayleigh numbers in a suitably small neighbourhood
of the first bifurcation point, and take G sufficiently small as specified in
the sequel. Constants which, independently of the parameter ¢, can be made
sufficiently small for the purposes of the proofs, will generically be denoted
1. We will first give estimates in the linear case. The argument is inspired
by the approach in [17] and heavily relies on the study of the space Fourier
transform of R. We use the following definition of Fourier transform: for any

el
1 .
FO =g | s

When we want to specify that the Fourier transform is taken with respect
to the variable © we write F,. In the sequel, if f is a function of (z,z) €

[—m, 72, f(€x, &) = (FuF.f) (s, ). Finally, if f is a function of z, z and v,
we define < f > as the zero order Fourier coefficient of f, that is

1
< f>i= (27T)2/[ . f(z,z,v)dzdz, a.a.veR? (2.9)
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and f:=f — < f>.
An important tool in the analysis is the Green inequality, which we will
use extensively in the rest of the paper in various different situations.
Consider the linear boundary value problem

of  of aMf) 1

e F U, —eGM 1L =T , 2.10
HY 8x+v 0z © ov,, € 1+ ( )
with [ Mgdv = 0 and prescribed incoming data

f(a,£7,0) = p(e, £7,0) v, S0 (2.11)

Due to the presence of the force GG, the argument requires some care. We
introduce x(z) = ¢ “*+™_ Then we multiply (2.10) by 2f Mk, integrate over
[—7,7]? x R3, and integrate by parts to get the Green identity

| 5597 f Bam =2 (6f Lafas = (50, faz + IniplBan.  (212)
Apply the spectral inequality (2.7) to obtain, for small 7

| A3 F 3o 4oz I BET =PSB (2.13)

<clell k5™ (I = P))g |3, +n | 52 Psf |35 (2.14)

1 1 1
to | k2 Pyg |55 +lK2pll52.~

Finally, since 1 < k(z) < ™%, we conclude that, for some constant C' it
results:

v~ £l

1
<C(ellv I -PrglBs +nl Paf

& 1
22~ +o lvE = Fi)f [ (2.15)

1
oy 11229 B +lpla )

Inequality (2.16) and its variations will be referred to in the rest of the paper
as Green inequality and used extensively, with LY replacing sometimes L.
In the last case the projector in the r.h.s. has to be replaced by Pj = P.

Lemma 2.1 Let p(x,2,v) be solution to

¢ Op 1 0(Me)
Wp— +v,— —eGM
ox 0z v,
periodic in x of period 2w, and with zero ingoing boundary values at z =
—m, . Then, for some small n

1 *
— _Lip+g, (216)

| 5= P)gp 25 < C(= v (I = P)g
+ 1l Py I+ 1< P > ), (2.17)

— 1 1
| Pellozs (v 3 =Pgllaz+< | Py

2,2

1< Pe>Il2 ). (2.18)
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Proof of Lemma 2.1. The method from [17] (a variant of [17] Scn 5.3) can be
adapted to the present setting to obtain the existence of a solution to (2.16),
if one includes the above spectral estimate for LY, and the new characteristics
curves due to the force term.

We write (2.16) in Fourier variables. For ¢ € Z% — {(0,0)},

1-— O(M¢
i1 €ave + &0:)p = —Lyp+eGM ™ (311 2 (D . (2.19)
4
Here
. Fop(&asm,0) for v, >0, (2.20)
&y, —m,v)  for v, <O.
Introduce

O(M¢)

ot = (pg,v), D=, Zzs_lL/";p+5GM_1 5
v,

+g - (_1)fz |’UZ‘T7

Z=e'Dho+g— (—D)&|ulr, Z' =e 'Lip+g, U=(i& v")L

Let x be the indicatrix function of the set {v € R3 | | £ v* |< ||}, for
some positive a to be chosen later. Let (s(v) = (1+ | v |)*. For £ # (0,0)

| PO@) || <Y / dvx(v)B(€, v) M (015 (v)
j=0 /R

4
el Cox® |3 I xGothy 1< ev/ar || ¢ooxd || -

=0

We use this estimate with the following choice of o, a =|| (_s® || 71| (=sZ |-

We also introduce an indicatrix function y; with o = /8. We fix §; so
that ¢v/0; << 1. Then we find from the above estimate that the P-part of
the right-hand side, || P(x1®) ||, can be absorbed by || P(x19) || in the left-
hand side. The estimates hold in the same way when Yy is suitably smoothed
around /91 |€|. For the remaining x°x$® = (1 — x)(1 — x1)®, we shall use
that ® = —UZ. Then

|| /ol |2
— 1+ G|O
e ©l

c ¢ || /ol |2
< —— || L2 P+ 1 eGO),
IR T ©l

I POGx®) 17 < ell Gaaxix“U 1P ¢-s2" |17 +

with

4 LM R *
6=3 [onivt S Do ( [unirte - 02
=0 :
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We replace a by || (—s® || || (—sZ’ || in the denominator. That gives

| Vvl |I?
| P |* < (]| ¢=s@ ||| ¢-sZ" || +W

+01 || ¢-s(I = P)2 ||*) +eGlO).

Hence,

2
| P2 <e((| PO+ 1 ol ~ PYBI) [ Ca2' | +'5W|£'”

01 ]| ¢olT = P)2 | ) +2G16)]

Consequently,

2

1peip <c( ez 1P+t - P ez
+ ¢l = P2 |2 ) +2Gl6).

We next discuss the term €G|O|. The first integral can be bounded by ¢ times

an integral of a product of M, 1+ |£,|, a polynomial in v, | ¢ | and U or U2.
So this factor is bounded by ec || € ||. And so,

| I |12
| PePs e ¢o2’ I +25 e L (= P)2 ).

Therefore for & # (0,0),

/ Pa (g )Mdv < o5 | ¢ () Eple,) 17 + | (T~ P2, ) I

NV

d1[€[?

We remember that the zero Fourier mode of ]5\;0 is zero by definition. Hence,
taking ¢ small enough and summing over all 0 # ¢ € Z2, implies by Parseval
and the spectral estimate on L%, that

+ v EaE ) 7). (2:21)

/(ﬁp)%x,z,v)Mdvdxdz < C(&%/l/((] — P)p)?*(x, z,v)Mdvdzdz

+/V_1g2(:v,z,v)Mdvdxdz+ v~ ¢ ||§,2,~ )(2.22)

Inequality (2.16) implies (2.17). Replacing (2.16) in (2.22) gives (2.18), and
this concludes the proof of the Lemma 2.1. [J

Remark. The statement of Lemma 2.1 still holds if we replace the operator
L% with the operator L; and the operator P with P;, with some minor
modification. The main change is due to the fact that one has to use the basis
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functions in Kern(L ;) namely the 1,;’s, instead of the 1;’s. They depend on
(z,2), therefore we fix a point (7o, z9) and use the v;’s computed at this
point and the corresponding projector Pjg. Then the argument of the proof
can be repeated word by word. At the end, we replace Pjy with P; since
PJ*PJOZO(&:).

Put H(R) = Zi:l 5”*1J(@§"), R) and decompose H in accordance with the
operator L. Set Hy(-) = H(-)— J(q, P-). We notice that H;(-) is of order
zero in € and only depends on the nonhydrodynamic projection (I — P).

To pass from the linear results to the non linear case we will use an
iteration procedure that will lead to Theorem 2.2 below. To separate the dif-
ficulties coming from the non linear term and from the boundary conditions,
we split the remainder R in two parts, Ry and R, solutions of two differ-
ent equations. In the equation for R; the boundary conditions are of given
indata type and the nonhydrodynamic known term is included, while in the
equation for Ry the boundary conditions are of diffusive type and the known
term is absent. The equation for Ry will be given later (see eq. (2.25)). We
start with a discussion of the equation for R,

OR,  OR MRy 1
—_— —_— — Mt — =L H 2.2
K5 T 0z G v, € sBa+ H(B) + 9,(2.23)

1
Ry(z, Fm,v) = —gl/)(a?, Fmr,v), v, 20.

Here R; is periodic in « of period 2w, and L; = L(-) 4+ €J(q, P-) has
been introduced earlier. An existence proof for this problem can be obtained
similarly to that for ¢ above.

The nonhydrodynamic part of R; is estimated similarly to the corresponding
proof for Lemma 2.1,

1 _ c 1
Z v~ Ri 32~ +272 | v2(I = Py)Ry |3,

1
2 2
P
2,2 ‘*Tng || Jg H272

1 n
<C(Ilv 3= Pyg 132 +5 | PsR: |

1 -
5 1135 ).
for small > 0. Here we have used the fact that
|(Ry, Hy(Ra))22| < Ol v3(I = Py)Ry |[55 +€* || PrRa [32).
A priori bounds for P;R; will be based on dual techniques involving the
problem (2.16). Consider first the problem for Ry without the term H;(R;).

It holds

Lemma 2.2 Set h:= P;Ry. Then there is 69 > 0, such that for 0 < d < do,

_1 1 1 _
| B 1325 CUl w3 = Pr)g 32 +=5 | Pog B2 +55 119 13a,0):
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Proof of Lemma 2.2. The function R; is 27-periodic in z, and here solution
to

OR,  OR, L O(MR))
% UIW + UZW eGM 78’02

1_
Ri(z,Fm,v) = —gl/)(:v,:mr,v), v, 2 0.

1
= gL]Rl + g, (224)

Let ¢ be a 2m-periodic function in z, solution to

dy dy _ 8(Mg0)
- . — —eGM 7L* h,
W 9 + v EP v, +
with zero ingoing boundary values at z = —m, 7.

We consider the equation for R; multiplied by Mkx¢ and the one for ¢
multiplied by MxR; and add them. After integrating on [—m, 7]? x R® and
integrating by parts, we obtain,

/dxdzde/-f(aa (vzR1p) — Ga(é?(p

/ dxdzdvMk

E((I — P)pL (I — Py)Ry) + g(f — P;)RiLy-(I — P)p+ Kkgp + I’ith]

Using again the bound 1 < k < €*™*¢ and the assumption h = PsR;,
this gives
K1 ]. _ K3 1
| h ||2 o< — |7 s ||22~ e v~ ¢ ||§,2,~ "‘? | v2(I — Pr)Ry H%z

1 4 1
+K735 | vZ(I—P)g |3, +7 | v=2(I = Py)g |3,

1 1 g? 1 K,

b I~ Po I3+ | 7E0 B2 4152 1 Pag 1,
1 e

tap 1o IBa 4o 1 7E0 1B

for arbitrary positive constants K, j = 1,...,4. It then follows that

Kl K3 - _1
I h 325 C[(ET + 57) I ¢ 132~ +(EK1 + Ky + Kse) | v 2(I — Py)g |3
1 1 11 o ,

1 h
+(€K1 + €2K2 + eK3 Ky €2K1) || ”2’2

K, K3

(* + — 4+ K3) || Prg |52

mn

+(mEK1+mKs) || b3, ‘W(F + f + ? + *) < Po >3 .

For an estimate of the final < Py >-term when G is small and the Rayleigh
number for the rolls lies in a neighbourhood of the bifurcation point, we may
apply an exact, direct approach based on ordinary differential equations.
Namely, < ¢ >, (-) := [¢(z,-)dz satisfies a 1-d stationary laminar given
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indata problem, similar to eq. (3.5) in [1]. The present case is different from
the one in [1] because there will be new contributions coming from the terms
in the expansion depending on z, for example the term ¢ in the J-term. Since
the first order of the € expansion is of order ¢, the same is true for the higher
order (in €) terms. The new contributions can all be considered as deviations
from their z-independent values at the bifurcation point, hence are of order
J. We include them in the estimate as 1 || ¢ ||2,2, 7 small, and obtain

[< Pp>lla <cll<Pp>ill22< c(l< Po >zll22 +e [l ¢ [l2,2)
C C
< [<h>zll22 +n0 || ¢ [l22< - | Allz2 +n e |

2,2 -
For details c¢f Lemma 3.5 in [1].

Choosing € << 1, then K; and K3 (resp.Ksz) of order e~ (resp. £72), n; of
order ¢, and using Lemma 2.1, the inequality of Lemma 2.2 follows. [J

Remark. From here on, small factors 7 in the estimates will depend also on
the small §g.

In the following lemma we get the final estimates for R;.
Lemma 2.3 If Ry is a solution to the system (2.23), then
1 _1 1 _3 ., -
[v2 Ry (22 < C( ™2 = Pr)g ll22 +2 | Psg llz2 +e72 (|4 22~ ),
1 1 1 1 _1
[ R e < (S 1073 = Po)gllon +25 || Pag Il +e | 750 o
+273 19 a2 )

Proof of Lemma 2.3. Consider first the solution to (2.23) with H; = 0. It
satisfies

_ _1 1
[ v~ Ri |22~ +e72 | v2(I — Pr)Ry [[2,2<

1 - 1 1 1
(2 19 Nl 422 105 = Pr)g oz | PRy o - Pag Dz ).

for any 77 > 0. By Lemma 2.4 and some additional computations using the
solution formula,

1 1 1 _1
| V2 Ry [|oo,2< C(g | vZRy |22 € | v 79 loo2 + | vF Ry [|2,2,~ )

It is easy to see that adding the term H;(R;) does not change the above
results. That proves the lemma. [

Now we study Rz , the other part of the remainder. Denote by

f(x,Fm,0) = A]{j(ij;) /wz<0 (Rl(:c, Fr,w)+

1-_
~b(a, Frw)) [ Mduw, v, 2 0,
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the incoming data for Ry which is solution to

8R2 8R2 a(MR2)

,uvzﬁ + v, Ep —eGM™! 7L]R2 + H1(R2) (2.25)
Ro(x, Fm,v) = f~ (z, Fr,v) / x, Fr,w)|w, | Mdw,
w, S <0
v, 2 0. (2.26)

Existence and uniqueness for (2.25) follow as in the laminar case, cf [1]. The
following a priori estimates hold for Ry. By Green’s formula and the definition
Of Hl(RQ) = Hl((I — P)Rg),

— & 1
7" Ra 3.2~ +o vl = Pr) R 13217 R 132, -

Here we face a problem of diffusive boundary conditions. The ingoing flow is
given for ¢ and for Ry but not for Rs. The following bound is proved as in
equation (4.23) in [9],

:F/ v, R3(z, +m,v)dv < cz—:n/ |v.| M R3(x, £7,v)dv
R3 v, 20

b [ oMU @ 0) e
n

vz>0

The computation in [9] has to be adapted to the fact that the boundary
conditions for Rs are not purely diffusive but contain the given data f—.
From Green’s formula we have also

C 1
LA = PR B2 [ ((0ns Bl —m,0) = (020 REGw, 7, 0))da
Then, using the previous bound we get for any n > 0,

DA U-PRe B end [ e oot 1T B
U, <O

(2.27)
We need to estimate the terms involving the outgoing parts of Re in the r.h.s.
in terms of ||Ra||2,2 and ||f~||2,2,~. This is done separately at +x. We start
with 7. Consider the equation for Rs, multiply by «M R and integrate in
velocity over the region v, > ¢. Then integrate over space, using a smooth
cut-off function y(z) which is 0 in a small interval close to —7 and 1 close to
m. Finally, integrate over ¢, for ¢y < ¢ < 0 and ¢¢ small enough. We get

0
/ dg / v / drvan(m)MR3(rm,) < 00 AT = )Ry I3,
v, >q -

0
—/ dq/ dv/ dzdzk(2)x' (2)v-MR3 + ceG || Ry |35 -
v, 2>q [—7\' 71']2
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The term on the Lh.s. equals

0 T
Claol |17 Re |8+ [ da [ dv [ dvo.iRY (om0
q0 g<v,<0 -

Here in the last term we can replace Ry by the ingoing boundary data so to
estimate it as

0 ™ T
/ dq/ dv/ dx[M+/ dw/ clacszRg(:c,7T,w)—i—Mf_(W)]2
qo q<v.<0 -7 w, >0 -

<cl@)[ 17 R 3o + 117 32~ ],

with ¢(qo) = 0(]qo]). Adding a similar estimate at —m gives

_ c ., 1 _
17" Ro 500 5 192 (I = P)R2 55 +C || £ 3o +C | PrRa I35 -
(2.28)
Replacing in (2.27) we get

1 1 c _
- | v2(I = Py)Ry ||50< enC || PsRz |3, +% | f

5,% } (2.29)

We shall next prove an a priori estimate for the hydrodynamic part of
Rs. First we consider the 1-d (a-independent) case and then include in the
argument the missing terms which, as explained before, will be of order §.
The extension of the 1-d results to the 2-d case will be based on perturbative
arguments in . To take into account these terms of order § we add to the
right-hand side an inhomogeneous term g; with [ Mgidv = 0, which will be
of use later on in the proof of Lemma 2.5.

Lemma 2.4 Let Ry(z,v) be solution of the 1-d problem and f~ be defined
as before,

OR, 40(MRy) 1
_ Y At Y A—— H 2.
v, % G 0. . JRo+ Hi1(R2) + g1, (2.30)
M
Ro(Fm,v) = z(v) / Ro(Fr,w)|w,|Mdw + f~(Fr,v), v, 20.
M(”) w, S0

If g10 = Jgs dvMgy =0, then it holds that
c _ _1
| PyRy ||55< = f I3~ + v 21 |5

Proof of Lemma 2.4. Here, Ly is generated by a function ¢, independent of
x, defined by ¢§ = ¢ + O(d). In the same way, in the term H; we retain
only terms of order zero in ¢, which are independent of z, and include the
remaining terms in g;. In this way we reduce the equation to a 1-d equation
with a given term.
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Consider equation (2.30) for Ry = F,R>, the Fourier-transform in z of
Rs. It satisfies the equation

~ 0 N _— —
wzngg—gGM—la (MRy) = e 'LyRy+ Hi(Ry) —v.r(—1)% + 1 (2.31)

Uz
with 7(v) now denoting the difference between ingoing and outgoing bound-

ary values,
r(v) = Ra(m,v) — Rao(—m,v). (2.32)

For £, # 0 we use the method of Lemma 2.1 with L; instead of its adjoint.
Consider the ingoing boundary values as known, and follow step by step the
proof of Lemma 2.1 with obvious changes. Let L jo be the operator defined in
(2.5) with ¢ taken at a fixed (zg, 29). Define Pjq as the orthogonal projection
on Kern(L ;o). We reach the analogue of (2.21),

[ 1Pifa(e o) Mav < € (5 1| o) ErRaee, ) P

R 2, I Pro(xixcvar) |I?
T = Pro)Ra(€s, ) P +7=55 0
+ H V_%gl(é-z', ) ||2 + H V_%m)(gm ) H2 ) (233)

For an estimate of the r-term, we express it with the £, = 0 term in the
Fourier series for (2.31),

(MR3(0,v)) + 610, v) + Hy (R2)(0, v).

11—
v.r(v) = gL‘]RQ(O,'U) + aGM_la(Z

(2.34)

Inserting this into (2.33), and summing over £, # 0, results in
— 1
/ (PyoRs)?(z,v)Mdvdz < 0(7 / V(I — Py)Ry)?(z,v)Mdvdz
5
+/Vﬁlgf(a:,z,v)Mdvdz + &2 I R H%z )

We are left with the Fourier component PJoég(ﬁz) for £, = 0. Estimate
separately the (I — P)-component and the P-component of PjyyR2(0, ). For
(I — P)PjoRy(0,-) we obtain

| (I - P)R10R2(07~) 1< Ce(]] (I —Pr)Rs |22 + || PrR2 ||2,2)-
The P-moments are the more involved and will be discussed each separately.

We start from the v,-moment of R, (0, v). Multiply (2.30) by M and integrate
over z € [—m, z| and v. Since g19 = 0, we have

/UZMRQ(Z,U)dU :/ f(=m,v)v,Mdv .
v, >0
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Given two functions h(v) and f( -, v) we use the notation f,(-) := [ dvh(v)f(-,v).
In particular, for h =1;, j =0,...,4, we also use the notation f;. We have

Ry (0)] = ‘/UZMRQ(z,v)dvdz <Clf |-

To estimate the moments of Ry(0,v) we use the identity
By(0,0) = A=} Ra(&e,0)(-1)%, (235)
£.#0
where A(v) = w(Ra(m,v) + Ro(—m,v)), which follows from

1 . ) )
Ro(m,v) + Ra(—m,v) = ° Z Ro(&.,0) (™8 + e85,
§-€Z

by solving for the &, = 0 coefficient.
We write A = 27 Ro(—m,v)+nr(v) for v, > 0 and A = 27 Ry (7, v) —7r(v)
for v, < 0.

We consider first the 1)4-moment of ]:22(0, v), denoted by Ryy. We notice
that

1
V6

where ]:?é- =(1- P)RQ and A and B are nonhydrodynamic solutions to

R,z 5(0) = — Ry4(0) / viv?AMdv + Ry, ;(0), (2.36)

L(v,A) = v, (v? = 5T), L(vyv.B) = vyv,. (2.37)

Hence, we are left with the control of R2U§A(0)- For that, we use (2.35). A
multiplication of (2.35) with Mv2A followed by a v-integration, gives

RQUEA(O) = AUEA - ZRQvEA(fz)(_l)&'
§#0

Let us first consider the contribution A2 5. Using the relation
A =21 Ry(xm,v) F 7r(v) for v, S 0,

we notice that the first part it is computed in terms of the outgoing flow and
then can be bounded in terms of [ dvv?AM f~ and [ >0 vZARs (£, v)Mdv.

Then, we multiply (2.30) by Mxv,A and integrate over v, > 0 (similarly at
—7) , to get the bound

= 1
|| vAR(Em o) Mdv [P <o || BiRy 32 +e(5 | (T = PRz (13
V2
_1
v 2o l3s) -

The second part, namely the v2A-moment of the 7r-term, is estimated as
before using (2.34).
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In order to control szg,@(f) for £, # 0 we take the inner product of (2.31)

with v, A |

0
ov,

= S0 A TS RaE)) + . al6:) + (024, 1 (Ba)(E2))

(—1)&req HE(EA, Rol£n)) + G / (02 A) M Ry (£2)do

Hence
R 1) ieG [0 - .
Roae) = S s+ 52 [ 2 dpMiateio
o (0 A TIRAE:)) = 10.460) = £ (02 A (D) (E:).

Combining this with (2.35) and noticing the pairwise cancellation of the r-
terms with positive and negative £’s, gives

A 1 1 _1
Rz (0) < o Ilv2(I = Pr)Re B2+ 1 v™2g10 32 +0 |l PrRz |13 2),

and so using (2.29) and (2.36)

N 1 1 1
|Ros(0)]* < C(; | v™2(I = Py)Ry I35 + [l v 2g1,1 132) + 0|l PrR2 |I52

1 _ _1
sz IS 132+ 1w 2911 [52) + 1| PrR2 |35 -

The v;- and v,- moments are analogous to each others, so we only dis-

cuss the former. This can be treated similarly to the previous Ras(0) case
but with A = 27 Ry(Fm,v) & 7r(v), v, S 0. The 27 Ry-term is now ingo-
ing, and its inner product with v, gives zero. The mr-term is estimated as
before. For the sum in (2.35) of the other Fourier coefficients, we notice

that Rgvz &) = Rgvgvz &) - RQJ_UE% (£), and we can proceed as before. Since

PP; R, differs from PRy by terms of order e which are already under control,
we can summarize the results so far as

[ (1o (00 + o (O)F + oo OOF + 1o, O)F) d - (238)

1 _ _1 A
sz IS 152+ v 2g11 l52) + 0l Re |l -

Finally for the Ryo(0)-moment, start by considering (2.30) with the new
boundary conditions

Ro(—m,v) = [~ (—m,v), wv,>0, (2.39)
Ry(m,v) = J\]{;(E]v)) /wz>0 [Ro(m,w) — [~ (=7, w)]w, M (w)dw, v, <0.
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The new boundary values are constructed in such a way that
fv <0 Ro(—m,v)v,Mdv = 0 and this property will allow the new boundary

conditions to be equivalent to the old ones. In fact, since fv co My (v)vzdv =
-1, ?

/]R3 v Ro(m,v) M (v)dv = /vz<0 v, Ro(m,v) M (v)dv + / v, Ro(,v) M (v)dv

v, >0

= —/ wy[Ra(m,w) — [ (=7, w)| M (w)dw +/ vy Ra(m,v) M (v)dv
w, >0

v, >0
= / w, f~ (=7, v)M (v)dv.
w, >0

Existence and uniqueness for the new problem are well known. We shall
verify that the new problem also satisfies the old boundary conditions of
(2.30) . At z = —m, for v, > 0 the new ingoing boundary condition for
Ry is Ry(—m,v) = f~(—m,v)), which coincides with the second equation in
(2.30) since \/ﬂfwz<0 Ro(—m,w)|w,|Mdw = 0. At z = 7 the new ingoing
boundary condition is

Ro(m,v) = M_1M+/ [Ro(m,w) — [~ (=, w)]|w. M (w)dw, v, <0.
w,>0

This coincides with the old boundary condition at m, given by the second

equation in (2.30), that is with

Ry(m,v) = f~(m,v) + M_1M+/ Ro(m,w)M (w)w,dw, v, <0,

w,>0

provided that

Cf(me) = MM, / (e M), v, <0,
wy >

or, recalling the definition of f~,

/ (Ri(m,w) + M)M(w)wzdw

=>0

:/ (Ry(—m,w) + M)M(w)wzdw. (2.40)
w, <0 €
To check this we note that from the assumption that the inhomogeneous
term g in the equation for Ry is such that [, dvM(v)g(v) = 0, it follows
that

(vz, Ri(m,v)) = (v, R1(—m,0v)).

Then, using the boundary conditions for R; this becomes

M (v)Ry(m,v)v,dv — M(v)%(w, v)v dv
v,>0 v, <0 €
+ M(v)y(w,v)(fw,v)vzdv - / M (v)Ry(—m,v)vydv = 0.
v, >0 € v,<0
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Using (¢(£m,v),v,) = 0, the claimed equivalence follows. Thus Ry with the
new boundary conditions equals the unique solution to (2.30).
We write (2.30) with Ry = Rak(z). The left- hand side becomes

OR! OR!
-1 2 2
vz (vz 0z =t v, >

Multiply the equation for R) by Mwv,x(z) and integrate over [—m, 2] x R3.
The L.h.s. gives

/R’Q(z,v)Mvgdvf/R/Q(fﬂ,’u)Mvgdv

—&?G/ dz’/R’Q(z',v)MvgvarEG/ dz’/R’Q(z’,v)Mdv.

2R
Since / dvszgMdv = Ryo + % + dvszglMdv, by integrating the equa-
tion again over the interval [, 7], we control |Ry0(0)| in terms of known
quantities plus terms bounded in the || - ||2,2-norm, multiplied by a factor e,
and the integral [ Rj(—m,v)Muv2dv. The contribution due to the incoming

part is given by f~. Therefore, we need an estimate of the outgoing boundary

term Ry(—m,v)Mv?dv. To do this, we repeat the steps above but this
v,<0
time integrate over {[—m, 7] x R3;v, > 0}, to get on the Lh.s.

RY(m,v) Mv?dv — RY(—m,v)Mvidv
v, >0 v, >0
—eG | d Ry(2 ,v)Mvidv +eG | dZ Ry(2',v)Mdv.
-7 v, >0 - v, >0

Since RY solves the problem with modified boundary conditions, the in-
coming part in —7 can be bounded by ||f~||2,2,~. Therefore we get an esti-

mate of / Ry(m,v) Mv?dv in terms of the norm of f~ and again quantities
v, >0
bounded in the || - ||2,2-norm multiplied by a factor €. To obtain the estimate

of [ _o Ra(—m,v)Mv2dv, we integrate over [—7, 7] x R?. The final estimate
is

R 1 1 1
[R20(0)] < C(g £~ [la~ + | v2(I — Pj)Rz [|2,2

_ 1
+n [l Rell22 + 1| v 201 [|2,2)-

By combining with the other moment estimates (2.38), and using (2.29), we
obtain that

| PsRy

C _ _1
525 =2/ B+l v 2g I3 - (2.41)

s

This completes the proof of the lemma. [

Based on this 1-d analysis, it follows in the 2-d case that
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Lemma 2.5 The solution Ry to (2.30) satisfies

1 -
I PrR2 [5o< e | f7 I3+ -

Proof of Lemma 2.5. Consider equation (2.30) for the Fourier transform in
x,z of Ry, Ry = F F. Ro,

Z(Ngzvz + gzvz)RQ

= LR e 20 ) e (DS, (242)
T(ga:a ’U) = szQ(fan,U) - -7::L’R2(6I7 _7T7U)' (243)

In the case &, # 0, &, # 0 we can reach, as in the case of Lemma 2.4, a
bound like (2.33). If we consider the Fourier components with £ large, we see
that in (2.33) the r-terms are multiplied by a small number for £ large and
then can be estimated, by using (2.28), by 7 || Rz ||2,2, with a small 5, plus
the earlier terms. We notice that in the case &, = 0, equation (2.42) reduces
to (2.31). Hence, we can apply Lemma 2.4 to Ra(0,£,,v) = [ Ra(x, 2,v)dx
and, taking into account that g; is of order 4, get a bound for the Fourier
components PRy (0,&.), for § small. The remaining components in the case
& #0, &,,&, bounded, can be estimated in the following way.

We start from the moment Ry, . Notice that r, (&) = fv_z (£2), where f~ is
the function defined as

- N (Faf )y m0) for v, <0,
f (Ewav) = {(fxf_)(gm _71—’1)) for v, > 0.

Hence, by integrating (2.42) we obtain

Then, we look for a bound for Rgvz (€x,&:) when £, # 0. We use the function
B introduced in (2.37), B being the solution of the equation L(v,v,B) =
VgV,

We have (v20, B, Ry) = (020, B, (I—P)Ry)+(¢z, 0202 B) (1bg, Ry), where
¥, 7 =0,...,4 are as usual the vectors of the orthonormal basis in Kern(L).
We multiply (2.42), written for &, = 0, by v2B — (1., v,v2B) and integrate
over velocities. We first use the relation so obtained for £, = 0 and obtain,

rap(€)] < o2 | v H Ly (= P)Ra(60) 12 +6G || Raf&.0) I
HF ()l | v HL(R2)(60,0) 12 + || (I = P)R(6,0) l2),

having used the fact that |r, | < c|f,~|. We use again that relation for &, #
0. Since (v3B,Re) = (v2B,(I — P)Ry) + (Ra,v.)(¥.,v2B), we obtain in

this way an expression for &, Ro,, (£4,€;), for £, # 0, in terms of quantities
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under control, since with the previous subtraction we have removed from the
equation the term (¢, Ra). As a result, for £, # 0,

611 Bou, (€ 6) | < C(Z 1w 3 Lo(T— P)Ra(ern o) |
v

TEH(R)(60, &) ||+ || Ra6ar &) |
2 L (T P RafEes0) | e || Ra(6e0) |

v (Ra) (6, 0) ||+l 1| F= (&) 1 ).

+ 1l

Notice that the last term is bounded because £, is bounded in this part of
the proof, the terms with £ large having been estimated before.
In the same way the v;-moment can be controlled when £, # 0,

[€ol | Rav, (€00 E2) |< (g | v 3 Ls(T = Py)Ro(&s, &) |

+ v EHL(Ro)(Ea ) | e || R(EE |
F LT By Ro(60,0) 12+ || Ba(€e,0) |
1l v Hy(Ro) (60, 0) || +1fi (Ea)D)-
For the v,-moment Ry,_(£,,0), by using the proof of Lemma 2.4,
| B (6, 0)] < el 7 (&) | + | FaRao, (€) I1).

To proceed, we observe that

| FoRonn (&) | < C(2( 13 LT = Po)Ralenn&2) )
&=

+ (O v P Hy(Ra) (s 2) 19)7 + (3 || Ralén €0) |7)2

&, &
F2 AL (T P Ra(6,0) | e || Ral6er0) I 41 (6]

1

+ v L (Ra) (6, 0) ).
And so,

| 2. (4, 0)] < C( 17 () | e || Re 2,2

(O v AL (= P Ralenn &) )
&=
1 1 ]_ 1
leﬂ Ro)(as &) %)} + < | v Ly (1 = Py)Ra(&,0) |

g

+ v (R (6, 0) | ).
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To estimate qu,y (£z,0), we use the method of Lemma 2.4, that is the proof
of (2.38). Then, to get the estimate for £, # 0, we multiply (2.42) by vyv,
and use v,v,v, € (Kern(L))! to estimate the term in r as

1 1 =
|rvzvy (&) < C(g | v72L (I = Py)R2(&,0) |2 +€ || R2(&,0) ||z
o ) (€ 0) 2 + | (T = Py)Ra(én, 0) [1).
So with C' depending on &,
. 1 1 — 1
| Rou,(60:0) 2 < CCCQ v Ly (I = Pr)Ro6r &) |3)?
1

+(3 v HU(Re) (€ 62) 13)? + (X || Rolén, &) 13)2
& I

2 L (T P RafEns0) s + | Ro(e,0)
1l v i (Re) (0, 0) Iz + || (T = Pr)Ro(:,0) ),

and similarly for ]:22% (€z,&:) when &, # 0.
For the 14-moment we shall use

szgé(f) = LGRM(@/U?U%LIM‘W"‘ Ruvgﬁ(f)' (2.44)

Here in the 2-d case,

« A 0 _
ngQvgfi(g) = _sz2vzva(£) + (_l)gzirvgﬁ + Z“":G'/ EN (UZA)MR2(£)d’U

-

75(7}3;1, LRs(€)) — i(v. A, Hy (R2)(€)).

The additional term in comparison with the 1-d case, belongs to Rs,, and
can be estimated by (2.29). An estimate of the boundary term Ty24 can be

obtained by multiplying (2.42) with v, A for £, = 0 and integrating. For
&, # 0 this gives
N 1 1
| Roy2 4(6e, )7 < C(;2 | v2(I = Pp)Ry |55+ | Ra [135)

with C' depending on £. Using (2.44) the same estimate holds for ]:224(51, ).
For &, # 0 the Fourier component RQUEA(@C, 0) can be expressed by (2.35)

and (2.42), including the pairwise cancellation of the r(£;) terms. Treating
the A-term as in the 1-d case, gives

. 1 -
Rz 4 (&, 0 < C(;Q |v2(I = Py)Ry I35 +e* | Ra [32 + | f7 (&) 15-)

with C depending on &,. Again by (2.44) the same estimate holds for Ro4 (&, 0).
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The 19 moments when £, # 0 may now be obtained by multiplying (2.42)
with v, and integrating. Arguing as above and using the earlier estimate for
the 14,-moment we get

. 1 1 A

[Roo(&e: &)1 < C5 w2 (I = PR 32 €7 || Be 22 + 11 /(&) 12+ )
with C' depending on £. And so there only remains the 1y moment for
Rs(&;,0) when &, # 0. Multiply (2.42) for £ = (£,,0) with v, and inte-
grate. For the boundary term r,,_,. (§;), multiply (2.42) for £ = (&;,1) with

v, and integrate. All terms in the upcoming expression for r,_,, (&) are then
under control. This gives

. 1 1 i
|[Roo(&e, 0)* < el 5 | v (I = Po)Rs [l +&* | R [l52 + 1| f7 (&) [15.).
Combining all the above estimates gives the statement of the lemma,

c _
| PyRs [135< ) Il f

2
52~ U

The step from L? to L™ for R, follows as in the R;-case. These estimates
together give

Lemma 2.6 A solution to the Ro-problem satisfies
1 1 1
| v2(I = Py)Ry ||55< C(E lv=2(I = P32 +- | Pag 152
1 -
= 19135 ).

1 1 1 1 _
| PR 1305 e(< w74 = Pg B +=5 | Prg 132+ 19 Bare )

1 1 _1 1 _1
| v2 Ry Hgo,zg C(;; | v=2(I — Py)g ||§2 +;5 | Prg ||§2 +¢° v zg Hgo2

1 _
+5 19130,

The previous estimates can be used to prove

Theorem 2.2 There exists a solution R in L3, ([—m,7]* x R3) to the rest
term problem

M 1
VL VR - eGM! 8(% R) _ LR+ J(RR)+ H(R) 4o, (2.49)
1-
R(z, Fm,v) = / (R(x, Fm,w) + gw(a:, Fr,w))|w, | M_dw
w0

1 -
_71/}(1;7 ¥7T7U)a Uz 2 07
3



Stability for Rayleigh-Benard convection 29

Proof of Theorem 2.2 The rest term R will be obtained as the limit of the
approximating sequence {R"}, where R® = 0 and

G O(MR"! 1
v VR — aM(TZ) = ELJR"“ + Hy(R™™) + J(R", R") + ¢a,
n+1 M¥ n+1 1/;
R (x,Fm,v) = —= (R"™(x, Fm,w) + —(x, Fr,w))w, Mdw
M w-S0 €
—%(w,q:ﬂ,v),vz 2 0.

Here (I — Pj)g = (I — Pj)a is of order four, and Pyg = Py« of order five.
In particular, the function R' is solution to

O(MR! 1
v" - VR! — gGM—1¥ = —L;R' + H(R") + e,
Ov, €
1 MJF 1 QZJ
R'(z,Fm,v) = —- (R (z, Fmr,w) + —(x, Fr,w))|w,|M_dw
M w,S0 g

—g((E,ZF’/T,'U),’UZ 2 0.

Splitting R! into two parts R; and Ry, solutions of (2.24) and (2.25) with
g = e in (2.24), then using the corresponding a priori estimates, Lemma 2.3
and Lemma 2.6, together with the exponential decrease of ¢, we obtain, for

some constant ¢y,
1 5 1 z
| V2R o2 cre?, || V2R [l22< ere.

By induction for ¢ sufficiently small,

I ViR loo,2< 20153, ji<n+1,

| v2(R™ = R") l22% e2® || w3 (R" = R"") a2, n 21,
for some constant co. Namely,

1

Zolt . V(Rn+2 _ Rn+1) _ GM—la(M(Rn+2 B Rn+1))
e

Ov,
1 1 1
_ ?L.I(Rn+2 _ Rn+1) + ng(Rn+2 _ RnJrl) + anJrl’

M
(Rn+2 _ Rn+1)(x, :FTF,U) — W:F (Rn+2 _ Rn+1)(l‘, ¥, w)|wz|M_dw,
w, S0
v, 2 0.

Here, G"*1 = (I — P)G"*! = J(R"™! + R", R"*! — R"). It follows that
v (R2 = ™) [[a0< ™2 | 7 2G™ ! a0
<ee (VAR oz + | VAR [z ) | V3 (R = R") |2

< coe? | vE (R — R") |22 -
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Consequently,

VAR [lpn < v (R™2 = R™Y) [y 4ot || 03 (B2 — BY) [l
+ | AR |20 2e16%,

for & small enough. Similarly || R"2 ||o2< 2c16%. In particular {R"} is
a Cauchy sequence in L%, ([—m,7]? x R?). The existence of a solution R to
(2.45) follows. OJ

From here Theorem 2.1 follows, and as a consequence the first part of
Theorem 1.1.

3 Stability: the expansion.

In the previous section we have constructed a stationary solution Fy of the
Boltzmann equation close to the clockwise roll hydrodynamic solution hg. In
the next two sections we study the behavior in time of a small perturbation
of F by writing the perturbation as a truncated e-expansion and in particu-
lar in this section we show the decay to zero in time of the first terms of the
expansion. This result relies crucially on the hydrodynamical stability un-
der small perturbations of the hydrodynamic roll solution h,. Hence, before
starting the construction of the Boltzmann solution, let us recall some known
hydrodynamic results. The Oberbeck-Boussinesq (O-B) equations with peri-
odic and rigid boundary conditions (see [15]), describing the hydrodynamic
behavior of the fluid in the present setup in dimensionless form, are:

Ou+u-Vu=nAu— Vp—e, GO, (3.1)
g(ate V04 ) = gI%AH,
div u = 0.

where e, is the unit vector in he positive z-direction, v € R% and 6 € R are
the velocity field and the deviation from the linear temperature profile re-
spectively, i and k are the dimensionless kinematic viscosity and conductivity
respectively. The initial conditions are

u(z, 2,0) = ug(x,2), divug =0, 6(x,20) =0z, z2)

for any z,z € £2, = (—pm, pr) x (—m, 7). The boundary conditions for this
problem are
u(z, —m,t) = u(z, m,t) = 0(x, —m,t) = 0(z, 7, 1) =0, (3.2)
x € [-m,7], t>0.
Here the notations are as in the Introduction. For a proof of the existence of a

global in time solution for small initial data see for example [10]. The laminar
solution is the trivial stationary solution v = § = 0. It is the unique solution
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for Ra < Ra. and is asymptotically stable for Ra < Ra. [12], [10]. After Ra.
a pair of new stationary solutions appear. In [12] and [13] it is proved that
there exists §p such that for any 0 < § < ¢, there are two stationary roll
solutions (uJ,0F) corresponding to the Rayleigh number Ra = Ra.(1 + 9),

s17Vs

of the form
uF(x,2) = 76 Cy ¢+ O(6%) (3.3)
0F (x,2) = F6 Co 7+ O(6?).

Here O is a positive constant, the couple (¢, 7) is the eigenfunction corre-
sponding to the smallest eigenvalue dj of the linearized problem, namely the
solution of

nA¢ —Vp=e,Gr, divp =0, kAT = dods,
(¢, 7) (@, —m) = (¢, 7) (2, m) =0, (&, 7)(z,2,t) = (¢, 7)(x + pm, 2, 1).

In [14] both solutions are proved to be stable for small perturbations (see
also [18]). All the previous results are stated in the Sobolev spaces Ha, but,
by general theorems on PDE of parabolic type [16] (or by the method in
[11]), the regularity can be improved to higher Sobolev spaces Hy. Hence
we can state the stability theorem in a form suited to our purposes. Let
(us,0s) € (Hy)?, k large enough, be the clockwise solution of (3.3).

Theorem 3.1 Let (u, ) be the periodic solution of the following equation

O+ us - Vu+u-Vug+u-Vu=1Au—Vp—e,GO

g(ate +ug - VO +u- VO, 4 \u,) = gime

div u =0,

w(z, 2,0) = ug(x, 2), O(x,2,0)="0p(z,2) (x,2) € [—pm,pur] x [—7, 7]
u(z, —m,t) = u(x,mt) = 0(x, —m,t) = 0(x,m,t) =0, x€[-m7]|, t>0.

If (uo,60) € (Hy)?, k sufficiently large, and || uo ||m, + || 6o ||z, < no, for
no small enough, then, (u,0)(z,z,t) is in (Hy)® and tlim (u,0)(t,x,2) =0

exponentially in time in (Hy)3, for any k' < k.

Notice that the convective solution heony = (us, Ts) in the Introduction,
(1.3) , is related to us, 8 in (3.3) through the shift Ty, = 65 + A(z + 7).

In the previous section, we have constructed a positive stationary solution
of the Boltzmann equation (1.1) as Fy = M (14 &%). Here, we want to study
the evolution of positive perturbations of Fy. The perturbation @¢, defined
through F' = M(1 + &% + @°), with F a solution to (1.1), has to solve the
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initial boundary value problem

opc 1 G O(MP®) 1
- . VP* — ———= = —(LP* + J(P°, D° J(PE, P
G TV g = (D9 I, 9) 4 I(#,9)),
&°(0,z, 2,v) = (o(z, 2,v), (2,2) € (—m,7)%, veERS, (3.4)
M.
°(t,x, £m,v) = ﬁi |w, |MP*(t, x, £, w)dw,

w; 20
v, S0, t>0, z€[-mm].

We consider the following initial perturbations
F(0,z,2,v) — Fy :== 9°(0,z, z,v) = {o(x, z,v),

5

Co(z,2z,v) = ZE”@(”) (0,, 2,v) + £°ps, (3.5)
n=1
where
1
2
FO,-,-,-)>0, | p5lloo2:=sup / sup pg(x,z,v)Mdv <c,
e>0 (z,z)€[—m,m]?

3.6
for some constant ¢. The nonhydrodynamic part of the functions &™) (0, x(, z, 1)))
is determined by the expansion as explained below together with some terms
of the hydrodynamic part. We will denote by Il-(n) (t,x, z) the coefficients of
the functions 1); in the hydrodynamic part of ®(™ (¢, z, z,v). The functions
Ii(l)(t, x, z) will be determined by the solution (u, ) in Theorem 3.1. Finally,
we require

/ Colz, z,v) Mg (v)dadzdv = 0.
[—7,m]2xR3

Since the Boltzmann equation conserves the total mass, it follows that &
will satisfy

/ MO (z, z,v)0(v)dvdzdz = 0, t > 0.
[—m,7]2 xR3

We write an e-expansion for @¢ in the form

5
O°(t,x,2,v) = Z o™ (t,z,z,0)e" + eR(t,x, z,v).

n=1

For the proof of stability we need to show that @) (t,z,z,v) converge to
zero, when time tends to infinity in a suitable norm. To this end we will
construct explicitly the first terms of the expansions. The behavior of the
higher order terms will then be evident from this analysis. This construction
is by now standard and contained in many papers. We give here a sketch of
the argument for sake of completeness, and follow closely the analysis in [1].
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In the following we use the notation (h) = [;; dvh(v). By plugging the

expansion into (3.4), as a first condition, ®() has to be a combination of the
collision invariants v¢;,¢ =0,...,4

2
@(1):<p1+u1~v+61|v| 2—3)7

so that p' = I(()l), ul = 11(1)7 0= 12(1), ul = Iél), 0t = %Iﬁl). We require

that u', #' satisfy the initial and boundary conditions in Theorem 3.1 and,
as a consequence, do not need boundary layer correction to the first order in
. Indeed, in z = —m the solution is already of the right type. On the other
hand, M + (), when evaluated for z = 7, cannot satisfy the boundary
conditions, but differs from it by terms of order €2, which will appear in the
corrections of higher order. Hence, for n > 1 the higher order corrections are

decomposed into a bulk term B and two boundary layer terms b(in ),

To determine the functions p', u' and @' which give #(1)(= BM), we
consider the equation obtained by equating the terms of next order. Note
from the previous sections that the stationary solution can also be expanded
in g, and denote by ¢§”> the terms of this expansion. The equation which we
get at next order, by ignoring boundary layer corrections, is

0 0

v, —dV 4+ v, =0V = LB® 4 j(@W W) 4 j(oM) 1) (3.7)
ox 0z

It can be seen as an equation in B(?), whose solvability conditions give the

usual incompressibility condition and the Boussinesq condition

div u =0, V(O +p') =0. (3.8)

The Boussinesq condition fixes p' = —', up to a constant. To determine 6*
and u' we look at the solvability condition at next order in . Indeed, once
(3.8) is satisfied, we can deduce from (3.7) the following expression for B(),
where L~! denotes the inverse of the restriction of L to the orthogonal of its
null space,

B _ Lfl[v.v@u)7[]@(1)7@(1))717@(1 o) hz e I (L, 2) . (3.9)
=0

The coefficients Ii(z) are undetermined at this point and will be partly fixed
by the solvability condition for the equation at next order in € and the rest
of them in some later step,

0 1 0

aB(l) +v-VB® — MGa—(MB(l)) = LB® 4 J(@® ¢W) (3.10)
v,

+J (@@ ey + J(@), ).
The solvability conditions for this equation,
1 0

(i, [ B<1+ VB — — G (MBW)]) =0, i=0, 4, (3.11)
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produce the equations for u! and '. Let us fix i = 1,2,3 in (3.11). Then
the first term gives the time derivative of u'. The third one reduces to 0
for i = 1,2, and to —Gp" for i = 3 after integrating by parts. The term
(ve® UB(2)> gives rise to dissipative transport terms and a term which can
be interpreted as the second order correction to the pressure P,. The term

J(@M), (1521)) in (3.9) produces the linear transport terms, depending on the
stationary flow. The result is

%ul +ul - Vul 4ot -Vl 4 ul - Vel = gAul - VP e Gt
Using the Boussinesq condition we replace the term Gp' by —GO' + const.
The constant can be absorbed in the pressure term that we rename p.
Remark. There are constants (one coming from the Boussinesq condi-
tion, another from the pressure condition) at any order which will be deter-
mined in the end by the total mass condition. Since we are asking that the
total mass of the perturbation is zero we can put to zero all the constants.
To get the equation for the temperature, one has to look at (3.11) for

1 = 4. It is actually more convenient to replace 14 with the equivalent ¢4 =
1(v? — 5). We have

~ 5 ~ 0
(Y4, f1) = 591, G (Y, anl) = —u;G,
~ 5 - 5
(vihy, B?) = _ikvel + §u101 +ulf! + 0t
Putting all the terms together, we get

3G L uivet 4 ulVo +u'vel| — Gul = hnet .
2|0t ’ ’ 2

This equation has to be solved with boundary conditions 6*(£1,¢) = 0 for
t > 0, and an initial condition 6§, which is completely arbitrary.

Remark. In the previous equation there is a term —Gu! which does not
appear in the usual O-B equations. This term can be absorbed by changing
the boundary conditions. Here 6, u! are the hydrodynamic terms of first or-
der in € in the expansion of @, and hence they coincide with us, Ts in (1.3).
The boundary conditions for T are: Ty(z, —m,t) = 0,Ts(z, 7, t) = 2 7. The
shifted temperature T = T, — Gz will satisfy the usual Boussinesq equa-
tion, in which the term Gu, is missing and a different boundary condition,
Ts(x,mt) = (2\ — G)w. This aspect was discussed in [9]. It was pointed out
that starting from the compressible Navier-Stokes equation or the Boltzmann
equation in the scaling we are considering, one obtains a set of equations
which differ from the usual O-B ones for this shift in the boundary condi-
tion for the temperature. By scaling the variables, this amounts to the usual
O-B equations in dimensionless form, with a new Rayleigh number given by
Ra(1 — G). We conclude that nothing changes in our analysis.

To summarize what we got so far, (u', 01) has to satisfy the O-B equations
in Theorem 3.1. By fixing the initial conditions so that the assumptions of
the Theorem are satisfied, we get that (u!, ') vanishes exponentially in time,
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with its spatial derivatives. Since §* differs from p' by a constant, which can
be taken as zero, we may conclude that for ¢ € [1,4o0], || @) ||,.2 is finite
and converges to zero exponentially in time.

The second order term in the expansion, ), is not yet completely de-

termined. Equation (3.11) with ¢ = 0 gives %pl = div I?, fixing div 1.

Moreover, a combination of I(()Q) and [ f) contributes to the pressure p which
is determined by the previous equations, so that these parameters are not
independent.

The nonhydrodynamic part of B®) is a linear function of the derivatives
of p', 8" which are in general different from zero at the boundaries. Therefore
the non hydrodynamical part of B(®) is completely fixed (even at time zero)

and violates the boundary conditions. We need to introduce b(f ) to restore
the boundary conditions by compensating the non hydrodynamical part of

B®) which is not Maxwellian. We explain how to find the correction b(_2). The
correction bf) is found in a similar way. Here L™ = 2M ~'Q(M_, M_-). We
choose b(f) by solving, for any ¢ > 0, the Milne problem for z= > 0,

) L1 9 )
8277]7’ — & MG 81}Z (Mh) =1L h, <’Uzh> = s d’U’UZh = 07 (312)

Uz

where 2z~ = e71(z + ) is defined as the rescaled z variable near the bottom
plate, and G~ is a smooth force rapidly decaying to zero far from the bottom
plate. Indeed, the gravity force has been decomposed in three parts, a force
constant in the bulk and two boundary parts G* (see [9], [8] for details). We
impose the boundary condition at 2~ = 0 in such a way that the incoming
flux of h at z = —m, v, > 0, is given by (I — P)B®)(—1,v;t). The results in
[6] tell us that as z~ — +oo the solution approaches a function g (v,t) in

Kern L~ . Note that in q(2) there is no term proportional to ¥3 because of the

vanishing mass flux condition in the direction of the z axis (v,h) = 0. Thus
we set b(f)(x,z,,v,t) = h(z,z_,v,t) — q(f)(x,v,t), which will go to zero
at infinity exponentially in z~. This produces a term b(f) (z,2me" 1, 0,t) =
a.e(z,m,v,t), exponentially small in e~! on the opposite boundary. Scaling
again to the variable z, the resulting term in the expansion is thus ¢(2) =
B® 4 bf) + b(_Z), and is such that in z = —m, for example, it has zero non
hydrodynamic part, while the hydrodynamic part is

4

¢(2)(x, —m,u;t) = Z IZ-(2) (z, —m; t);(v) + bf)(x, 2e7 1 v, t) — q(_2),

i=0
v, >0, t>0.

We are not yet done since M) (z, —m,v) is not Maxwellian for v, > 0, (as it
should, in order to satisfy the boundary conditions) because of the presence
of terms proportional to ¥;, ¢ =1,2,4 in q(f) and bf)(t,ac7 2e~1). The latter
is not important because it is a correction exponentially small in £ and will
be compensated in the remainder. The former will be compensated by the
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coefficients Ii(2), 1 # 0,3, that can be chosen arbitrarily on the boundaries.
Moreover, we have to choose I§2) = 0 on the boundaries, because (vzq(_2)> =0.

We are left with
45(2)(t,:177 0, $0) = QQiMi + Vg (z, £, 0, 1), oz2i = 1(52)(:|:1) - <q(i2)>,

where 12 . are terms exponentially small in €. Finally, we impose the imper-
meability condition (v,®®)) = 0 by choosing

+_ My

Ay =
2 M
v, 20

UZM[Q"(Q) (t,x, £m,0) — Yo (¢, @, £m,0)]dv, v, <0,t>0.

The coeflicients IZ-(Q),’L' = 1,2,4 of the hydrodynamical part of B(®) are

determined by the compatibility condition for the equation at next order in
&

(% (D B® 4. vB® 4 GaB@)]) o,

ot ov,
where
B® :Lfl[ggj(l) 4o VB + La 2 (e — j(em, B
ot M~ Ov, ’

S

4
—I(@1, B2) — (@D, BE)| + 3 i 1),
=0

together with the boundary conditions Ii(z) = (q(f))i, 1 =1,2,4. Then I(()z)
is found up to a constant that is chosen so that the total mass associated to
@) vanishes. Proceeding as in the determination of the Boussinesq equation,

we find now a set of three linear time-dependent nonhomogeneous Stokes
)

equations for I i(z ,
O p? + div u? + div (p'ul) + div (u®) = Ny
ou? = u? - Vul +ut - Vu? = nAu? — VP2 + Gp? + Vdiv u? + N
2 2
010% + 3 ldiv ud + (p* + 0Y)div w?] + p'[0,0" + S div u?]
~2
= kg[Aoz + (Vur)?] + Ny,

where Ny, Ny depend on the third order spatial derivatives of p', 6! and N
depend on the third order spatial derivatives of u'. We remember that P? is
determined by p which has been found at the previous step by solving the
O-B for u!, #'. On the other hand, P? = p? + 602+ p'6' allows us to eliminate
p? from the previous equations. Replacing div (u?) as given from the first
equation in the last one, and using the condition on P?, we get a set of two
coupled equations for #2,u? with a constraint on divu?. P2 plays the role
of Lagrangian multiplier for this constraint. The nonhomogeneous term is
controlled by the results at the previous step and hence is known to decay to
zero exponentially in time in the right norms. Then, general theorems for the
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Stokes equation assures the existence of a solution for the chosen boundary
conditions, vanishing exponentially in time.

Once B®@ is completely determined, the last equation gives the non-
hydrodynamical part of B(). As before, we introduce the terms bf ) to com-
pensate (I — P)B®) on the boundaries z = +7. The term bf) is found as a
solution of a Milne problem with a source term, which depends on the previ-
ous boundary corrections b(f ) and &), The procedure can be continued to
any order.

We notice that (I — P)®™ at time zero are not arbitrary, since they
depend on ("~ and its derivatives. We can instead assign at time zero
Ii(n)J = 1,2,4. Notice that the rest term R at time zero is of order £*. By
using the results in [6] and the exponential decay in time of &(™ we can state
the following theorem

Theorem 3.2 Assume that at time zero, for some suitably large k,
| MOFI™ (0,2, 2) |ra< 00, i=1,24, n=1,...5,

where OF denotes any space derivative of order k. Then, it is possible to deter-
mine the functions ™), n=2,....5 in the asymptotic expansion satisfying
the boundary conditions

) (t,z, Fm,v) =

Mi(v)/ (n)
ZM@n ta ) ) - ¥n, t7 ) ) d
T (0) Sy o M2 @ T 0) = (b2, For, ) [dw

+n e (t, x, Fm,v), t >0, v, 20,t>0,

the normalization condition / Mo dvdzdr = 0, tc€RT", and
R3x 2,

127 |l222< 00, | 2 g 00,2 00 -

Here,

I fll2.22= (/OOO/Q /}R3 |f(5,x,z,v)|2M(v)dsdxdzdv)%,

1
£ loma=sup ([ sup \fftnz o) Me)e)
t>0 R

3 (J),Z)EQM
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4 Stability: the remainder

We remember that &, the solution to (3.4), is written as #° = S°_ i) 4

eR. In the previous section we have constructed the terms @) and shown
that they decay to zero in suitable norms. In this section we construct the
rest term R, solution of

OR 1 OR 1 OR LOMR) 1 1
1
+-H(R) + 4, (4.1)

R(0,z,2,v) = Ro(, z,v) = e*ps(z, 2,v),

M
R(t,x, Fm,v) = ]\/;F/ _ (R(t,x,:Fw,w)+%(t,x,:F7r,w))|wZ|de
w,S0
—%(t,x,$ﬂ,v), x €[-mm7, t>0,v,>0,

Here ¢(t,z, £m,v) = 3, €™ < (t, z, £, v) is the Knudsen part of the asymp-
totic expansion from (¢,z,Fm,v), exponentially small when evaluated at
(t,z,£m,v). A contains all the terms fully coming from the asymptotic ex-
pansion,

H(R) = L (R, & + &),

where ¢ = Zi’ PWed | and [ psMdzdzdv = 0. We shall require that the
initial value of ®° is close to zero, and in the sequel introduce smallness
assumptions.

The following norms will be used,

t s e 1
| Rll2t22 = (/ / / Rz(s,%z,v)M(v)dsdxdzdv)2,
0 J—nJ—m JR3
T m %
| R |loo,22 = sup (/ / Rg(t,x,z,v)M(v)dmdzdv) :
t>0 —nJ—7m JR3

1
2

| Bz = ([ sup R(tazoM@))”,
t>0 R

3 —mw<lw,z<m

t s 1
1 = ([ [ [ vbt)] fs.=m0)  dudads)”
—m Jvuy>

+</ot/_:Az<0vz|M(v)|f(s7x,7r,v) |? dvdmds) ,

I flloo2~ = (sup/ / v, M) | f(t,z,—m,v) |2 clacdv)E
t>0 J -7 Ju,>0

Nl

b 1
+(sup/ / e | M) | Sz 0) 2 dxdv)z.
—m Jvu, <

t>0
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We will prove the existence of &¢ and the stability result (1.7). We follow
closely the approach in Section 2, starting from dual, space-periodic solutions
to a linear problem (in the rescaled time variable 7 = £71¢) discussed in
the following lemma. We use the notations introduced in Section 2, L; =
L(-)+eJ(g, P-), but here the function ¢ has the expression ¢ = e~ 1(® + ;)
which is also time dependent.

Lemma 4.1 Let (7, x,2,v) be solution to

dp Dy Iy 1 0(Myp) 1

— e — + U, =— —eGM =-L , 4.2

8?+'UU81:+U 0z © ov, € 19t (4.2)
periodic in x of period 27, with zero initial and ingoing boundary values
at z = —m,mw, and g x-periodic of period 2mw. Set ¢ = p— < Y >= p —

(2m) 72 [ pdadz.
Then, if ¢ < &g, 0 < &g, for gg,dg small enough, there exists n small such
that,

1 _1 _1
| ¢ ooz < e(e? V73U = P)g |20+ || Py

2,2,2
et ||< Po >[az )
| V3= P)¢ oz <c(c v = Plg llaze + | Py llaza
+ne ||< Po >||2.2 ),
| P llozz < e( v (T = P)g) ll222 +27" || Py |2

+1]1< P >llaz ).

Proof of Lemma 4.1. A variant of the method in [Ma Scn 7.3] can be adapted
to the present setting with a force term, to obtain the existence of a solution
to (4.2).
Denote by ¢(7,&,v), € = (&, &) € Z? the Fourier transform of ¢ with respect
to space, and define § analogously. Then for £ # (0, 0),

op 1 -— 1 0(My)

—~ =L —i-v" p+eGM?

ot ¢ sp it ot ov,
Here v = (pvg,v,), 1 = Foo(T, &y m,y0) for v, > 0, r = Fop(T, &y —m, v) for
v, < 0, with F, denoting Fourier transform with respect to the z-variable.
Let 3 be a truncation function belonging to C'(R) with support in (0, o0,
and such that (7) = 1 for 7 > 79 for some 79 > 0. Let ¢ = $5. Then, for
(0,0) # €& € 22,

op 1

+§ = [vslr(=1)%=.

oM¢) 0B

0 i ie G4 cGM 05, 46— [oalrB(—1)%
= —LyBp+ig - vg+e Gor 05 8B luslrA(-1)
Let F be the Fourier transform in 7 with Fourier variable o. We put

- — (Mo )
b=Fp, Z=F (a—lLf}ﬁw + EGM*% + @a—f +48 — |vzrﬁ(—1)5z) ,
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7 =F (7 L300 + 98— lolrA(-1)&) .
7' = F (5’1L/jap + 9,6’) , U = (i +ig-v") L.

Let x be the indicatrix function of the set {v; | o 4+ & - v" |< a/{|}, for some
positive a to be chosen later. Similarly to Section 2, the elements )y, ..., ¥4
are an orthonormal basis for the kernel of L%. Let {s(v) = (14 | v |)®. For

£ #(0,0)

X®(0, &, v); Mdv| || ;||

<cl x| Z | XCstbs 1< ev/a || ¢ax® | -

Jj=0

Use this estimate on the support of y for a =|| (_® || 71| (=2 || -

As in Section 2, the previous estimate also holds with respect to supp x1
where the indicatrix function y; is taken for o = /9;. We fix d; so that
¢V/d1 << 1. Then the above estimate gives that the hydrodynamic P-part of
the right-hand side, || P(x1®) ||, can be absorbed by || P(x1®) || in the left-
hand side. The estimates hold in the same way when x7 is suitably smoothed
around /91 |€]. For the remaining (1 —x)(1—x1)® = x“x§® we shall use that
® = —UZ. Then

| PXXE 1P< e 1l Gx XG0 12 + 1| Goaax™X5U 1P ) 11 ¢-o2' |2 +6

L C I F v |Br) . _c 1C. 2 2+ L F(Vve6r) 11 ||2

61/¢]2 - |€|2| | 1/¢[?
where
LO(M¢ 0
= —22/@/1])( GM_ (811@) + af)Mdv

/ DiXEXE(F@B — UZ)Mdv).

We again replace « in the denominator by || (_s® ||71|| (_sZ’ ||. That gives

F(/o18r) |12
| POIE < el Gl G2+ (@f” ”

Vo1 || oI = P)® ) + 6

Hence,
/ F e §
| Po I <C(( P+ 1 ¢oll = P2 ) | ¢2 | +”5\/|?|'ﬁ
Vo1 (I =P)2 |2 ) +6
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Consequently,

F(/lBr) |12 ,
R P e A [ T Yy

+l ¢ -P@|?)+6
We next discuss the term ©. The first term in the first integral can be

bounded by e times an integral of a product of M, 1+ |£,|, a polynomial
in v, | ¢ | and U or U2. So this factor is bounded by eC' || @ ||. And so,

F/Tozlr |1
Ipe s o ez P+ Ry - P )

—22/%X0X§U(7% Mdv /wjx S(Fp — UZ)Mdv).

Therefore for £ # (0,0),

/ (P®)?*(0, &, v)Mdvdo

<c(5 / do || -5 (0)F L) (0,6, ) + / do (|| (I = P)2(0.&.) |

MEYmL
BlEP?

—QZ/da/%X Mdv /wjx (Fob — UZ)Mdv) .

Sending 1y to zero implies that

| [roraoma <o(% [T ar(1cmBomen 1P
- P)p(r.E ) / ?/ “142(r. €, v) Mdu (4.3)
[ ||2).

1[¢[?

Taking ¢ and e small enough and summing the previous inequality over all
0 # ¢ € Z?, implies, by the Parseval inequality, that

+ / | vbas(r.c. ) |” dr)

0 —_—
/ /(P<p)2(?,x, z,v)Mdvdzdzd7
0

< C(Eiz/ /1/(([ — P)p)?(7, x, z,v) Mdvdxdzdr
0

oo
[ [ v g ) Mavdededr |97 B 0 B2z )
0
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As in Section 2, to use an argument based on a variant of Green’s formula, we
multiply the equation (4.2) by 2¢ Mk, and integrate over [0, T] x [0, 27]2 x R3,
integrate by parts and obtain, by using the spectral inequality (2.8) and the
bounds 1 < k(z) < e2eCm

_ 1.
1770 570~ + 10 15722 +2 V2 (= Ple IIETM

(5 H 4 2(I P)g ||2T22 +m H Py ||2T22 +77 ” Pg ||2T22)
Inserting this into the previous inequality, the lemma follows. (]

We next decompose the operator H in the remainder equation in ac-
cordance with the operator Lj: H(-) = J(q,P-)+ Hi(-). We notice that
Hy(R) is of order zero in €, and only depends on the nonhydrodynamic part
(I—P)R. As in Section 2, to solve the equation for R we shall use an iteration
procedure based on the decomposition of R in the sum R; + Ry, where Ry
and R, are solutions of two different problems. Ry solves

OR, 1, I OR GAMR) 1
g | 2 ) 2. -7
ot +5U v R1+svz 9z M sz g2 T
1
-H{(R — 4.4
+5 1( 1)+€ga (4.4)

R1(0,z,z,v) = Ro(z, z,v),
1_

Rl(t,$7$ﬂ',’l)> = —*1/1(t7$a$7771))a t> Oa Uy Z 07
€

Here R; is periodic in z of period 27, and g is some given function, x-
periodic of period 27 with [ Mg(-,z, z, v)dzdzdv = 0. For the existence of the
solution, see the discussion of (4.2). The equation for Ry will be introduced
below in (4.7).

The non-hydrodynamic part of R; is again estimated by Green’s formula;
multiply (4.4) by 2R, Mk, integrate with respect to the variables (7,z, z v)
over [0,T] x [0,27]? x R3, integrate by parts and use the spectral 1nequahty
for L; and the bounds 1 S k(z) < e?*G™ to obtain, for every 7; > 0,

_ - 1 1
197 By o + I Ba(D) 1B +2 | 3T = PRy 700
_1
Sc(n Ro |o+ |l v 2<I—PJ>g 13752 (4.5)

BN PR g0+ | Pr6 oo +25 16 IBra ):

An a priori bound for P;R; is obtained in the following lemma based on
dual techniques involving the problem (4.2). Consider first the problem (4.4)
without the term H;(Ry).
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Lemma 4.2 Set h:= P;R,. Then

1
| ||§,2,2 < C(|| Ro 32 +1lv 2(1 - PJ)g 13,2,

)

|| Prg ||222+

Proof of Lemma 4.2. In the variables (7, z, z, v), the function R; is 27-periodic
in x and solution to

OR, OR, ORy 1 O(MR))

or MUy TV s v,
R1(0,z,z,v) = Ro(z, z,v),

1

1-
Rl T, T, FT,v :—*1/177',35,$7T»U7 77_>O7 ’UZ>05
<
IS

Let ¢ be a 2w-periodic function in z, solution to

Op Op dp 40(Mp) 1
» eGM =—Lj h,
ar T H Ve TV T dv. st
with zero initial values and ingoing boundary values at z = —m, 7. Multiply

the equation for ¢ by kM R; and the one for R by KMy sum them and
integrate by parts. Then,

/d?dxdzdv (Mai(vzﬁngo) - €GKZW>

ov,
/ drdxdzr(z (Rl, V)

= /d?dxdzMﬁdv[g(LJ((I — Pj)R1)(I — P)yp)
F2(( = P) (RIS =~ P)g) + g+ WPy B

This gives

K1 _ 1 _
1P ree < 5 1 B1F ) 5 55 170 15
1

K1 _ 1 _
t5 17" Ry (1379, +ﬁ 7~ 11372~
K3
JF? | VZ(I Pr)Ry ||2'r22 +K | VZ(I Py ||2722
Ky
"‘7 | v~ 2(1 P1)9H2722+ ||V2(I P)S0H2r22
2
€ 1 K
JFT}Q | VQW”%,Q | Prg H2722Jr H PSD||2722
2
3 1
+—llv2e 3.,

2K,



44 Arkeryd, Esposito, Marra, Nouri

for any positive constants K, j = 1,...,4. All the terms computed at time 7
on the L.h.s can be estimate using Lemma 4.1 and (4.5), leading to

[ 7 113,2,2< C[(Kl +K3) || Ro 132
K,

_1
g + *) 10 |32, +(eK1 + Ky + Kse) | v 5(I = Py)g |[2.5.0
1 1 1 1 mn 9

2R h
+(€K1+52K2+5K K 2K1)|| 12,22

K K
+(71+73+K2) (MK +mKs)

m m

1
+ (E+%+?+E+ =) < P > 13,
We are left with the term < Pj«p >. As in Section 2, we use an ap-
proach based on ordinary differential equations for the Fourier transform
with respect to the time and x-variables. Namely, the quantity < ¢ >:=
f (-, z,-)dz satisfies a 1-d problem including a small perturbation
of magmtude 5 from the value at the bifurcation point. After a Fourier
transform in time (Fourier variable o) the case of |eo| < o9 with 0 < 09
sufficiently small, can be handled as in Lemma 2.2. For the remaining o’s
use the term iaaj’: FiBp(0,&s,2) to express the ¢o-moment. With ¢y =
(v2,4h4) (V2 A 1py) 7L, project the equation along v, — cov, A, and along 1y and
use the equation, leading to an expression for

0 0
7%]'—96(5&5(%2 —cop,. 4) + 5(5% +192))
and 5 5
FrFule (B90) + o (B00.),

with ¥ a nonhydrodynamic moment of ¢, thus to an expression for

*i50(|-7:?‘7:3:(5900)|2+|-7:?]:ac(/690vz)|2)+%((-7:7"-790(BSOOWLCZ))(]:?}}(&(PUZ))*)'

(For details cfr Lemma 5.5 below). Estimating the ingoing terms, this results
in
[< P>z <cll<Pp>sl222<c([|[< Pp >,

2)
1 & 1
¢ [l2,22< - |2 ll222 +nllv2e 22z -

So choosing ¢ < 1, then K; and K3 (resp.K2) of order e~! (resp. e72 ) and
11 of order ¢, leads to

s4|wmn+W2u P Ras+5 |

1 |< PrBy >3 22 )
This ends the proof of Lemma 4.2, when coming back to the t-variable. [J

We now give the final estimates for R;.
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Lemma 4.3 The solution Ry to (4.4) satisfies

| Ry N2z < e 1l Ro llzz + | VE(I = P)g 2.

1 1 —
+= 1 Pag oz +=5 19 2z ),
g £2

1
| By lloezz < e( Il Ro llaz+ | VI = P)g llaza +< | Pag o

1 _
+=5 19 a2 )
E2

1 _ 1 1
| V2R |loo,002 < C<5 "I Ro ll22 + || Ro lloc,2 + | v=2(I - Py)g |

2,2,2

1 1 _5 ., -
+t | Prgll22.2 +e | v7 29 lloo,00,2 + 2 || 4 [l2,2,~

1 -
=19 oo )-
S

Proof of Lemma 4.3. The solution R; of (4.4) without H;-term satisfies

1 _ 1 1
T2 17 Rl +5up || Ra() oo 2 1 720 = PR o

1 n _1
< C( | Rollo2 +—5 || ¥ ll2.2~ + | v"2(I — Py)g
g

3 2,2,2
2L | PyRy llz 4+ || Pag 22 )
= Jitr |[2,2,2 T—F#= J9 112,2,2 |5
Ve e
for any 1 > 0. Moreover, it follows from Lemma 4.2 that
_1 1
| PoRi 2z < c( Il Ro llaa + 1 v 75 = P)g 2oz + || Pag lla2s

1 _
+ﬁ | % [l2,2,~ )

Choosing 17 = /¢ leads to the first two inequalities of Lemma 4.3. Then, to
get the L™ estimates, one has to study the solution along the characteristics.
This analysis is complicated by the presence of the force, but can be done
along the lines in [1] and the result is

1 1 _1
V2 Ry [loo,c02 < C(g | By floc22 + [ RO, ) lloc2 € [ ¥ 729 [loo,00.2

+ 17 R oz )

which leads to the last inequality of Lemma 4.3. Adding the term e~ H;(R;)
does not change these results. O
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The remaining part Rs of R satisfies the equation

R, OR,  ORy, G O(MRy) 1
EW + /A’Uw87 + ’Uzg — EMTUZ = 5LJR2 + Hl(RQ), (47)
R3(0,z,2z,v) =0,
Mz (v)

Rg(t,l’, :Fﬂ',?)) = / (Rl(t,ll?,:Fﬂ',’UJ) +R2(t7ﬂj, :FTF,’LU)
w, S0

M (v)
1_

—i-fw(t,av,:Fﬂ',w))|wz|]\4olw7 t>0,v, 20,
€

Its analysis is more involved and requires a careful study of the Fourier trans-
form of Ry. As with the stationary case in Section 2, existence for the problem
(4.7) can be adapted from the corresponding study in [Mal, if one includes
into that approach the spectral estimate for L, and the characteristics due
to the force term.
In (4.7) the given indata part is

- M+ 1-

f (ta z,Fm, ’U) = W / (Rl (ta T, Fm, w) + *1/’(757 z,Fm, U})) ‘wz|dea
w, S0 €

v, 20,

By Green’s formula for (4.7), and noting that H;(R2) only depends on (I —
Py)Rs, we get
el Ra@®)l32+ | v~ Ra (13 2.~ +§ 173 (I = P)Rs [320<) 7" R 3,0~ -
(4.8)
This estimate is not yet final. In fact, compared with the analogous estimate
for ¢ and R;, the boundary terms here are different, due to the diffusive
boundary conditions for Ry. We follow the reasoning in the stationary case
for (2.28) - (2.29). Taking into account the differences, like dependence on
time, we get

1
ellR2l32(t) += Il v (I = Pr)Ra [132,5 (4.9)

c
9

1 _
< % I f H§t72,~ +Cen || PyRy ||§t,2,2,

_ 1 _
17~ R 1302, < =/ 32~ +C | PrR2 |l3;2.2 - (4.10)

The hydrodynamic estimates for Ry are obtained similarly to the station-
ary case. We again start with the 1-d (z-independent) case, with an inho-
mogeneous term ¢g; which will take into account the x-dependence in later
proofs. Reduce the equation (4.7) to a 1-d problem for [ dxR»(t,z,z,v) :=
Rs(t, z,v), with an inhomogeneous term g; such that g1 = fRa dvg; = 0:

OR, + v, —aR2 —eGM ™!

R, O(MRy)
ot 9z Jv,

1
= ELJR2 + Hy(R2) + g1- (4.11)

Then, for the solution of this new problem the following lemma holds:
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Lemma 4.4

C1 _
| PyRs [|5.90< = I f

1
%,2~ +ea(|| PrRy %,272 +llv g |§22)
Proof of Lemma 4.4. The equation for the Fourier transform, Rs of Ry (t,z,v)

with respect to the space variable z is

d ~ . “ 4 0
saRngwzszgfeGM 0.

(MRy) = e Ty Ry + Hy (Ra) —var(—1)& +41,

(4.12)

r(v) now denoting the difference between the ingoing and outgoing boundary
values,

r(v) = Ra(t,m,v) — Ra(t, —m,v). (4.13)

Starting from the method of Lemma 4.1 with L; instead of its adjoint,

and considering the ingoing boundary values as known, we reach (4.3) for
&, # 0 with obvious changes,

[ at [1PnfaPg oo < (5 [ a(l oL R e P
+ H (Iﬁ PJO)RQ(t7£Z7‘) ||2 ) +/ dt/§;21/71|gl|2(t’€Z7U)Md’l)
0

[e%s} 2
_|_/ dt(” V |’Uz|r || +€2 ” RZ ”2 ))
0

61 |£z‘2

Here, similarly to Section 2, we have fixed z = 2q, t = ¢ in the basis elements
1, ..., 14, writing Py for the corresponding kernel projection. At the end
we replace Pjo with Py, since Py — Pyo = O(e). The sum R = R; + Ry
satisfies by hypothesis (R(0, -)) = Ro(0) = 0 for ¢t = 0. The coefficients in
the asymptotic expansion can be chosen so that, moreover, Ro (t,0) = 0 for
t > 0. That gives an estimate for Roo(0) in terms of Ryo.

For an estimate of the r-term, for z = m we use (4.10) giving an estimate of
the outflow at 7 in terms of known quantities and PjyRo. Then, for £, > &,,
and &, large enough, the latter appears multiplied by a small factor and can
be absorbed by the total sum on the left-hand side, taken over &, > ..
Hence, for £ large the bound stated in Lemma 4.4 is proved.

For the remaining bounded number of £’s, each hydrodynamic mode is
estimated separately. We obtain estimates for all the hydrodynamic moments
in terms of Rgo, which will be the last one to be estimated.

For the v,-moments multiply (4.12) by v, (resp. one), integrate with
respect to Mdv, and multiply with Rog (resp. Rgvz ). Use the notation [f]_ =
f(€.) — (=1)% £(0). Combining the results, it implies that for each fixed &,

8 » » . » D * -~ DX >
e (RoolRen )" ) = i€eRau. [Rou.]* +3€RS 2 R
. 0 AL
+6G/{R20(52)UZ£(MR2)}dU

+[Raw.]* /M{Uzr(—l)gz +§1}dv.
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We integrate over t € [0, ], to get an estimate for the term z£Z|R2Uz (£)? o

the right-hand side. The time derivative, then, produces a term & Ry (£.) [Rgvz]
computed at time # which is bounded as

Ce(|Roo (&) + | Rav. (&) + | Rau. (0)]?) < €] PRa |5 (D).
The latter is estimated by using Green’s formula for (4.11), getting
c _ _1
EHPR2||§,2 < E(” f ||§t‘,2,~ +lv 2o ||§{,2,2) +n || PrRy ||§t‘,2,2 :
The other terms can be easily estimated, but for the one containing the

boundary r-term, which is equal to R, (€.)(Rao, (t,7) — Ray._ (t, —m)). This
term can be estimated by

~ 1 _
AU P At
n
In conclusion, we have that for &, £ 0
[ 1R ()Pt <C [ at(| Fan(€) P + | B, (0) (4.14)
1 _ 1
o PRy B+ 15 B+ v R B )

We then compute I:igvz (t,0) for £, = 0. Multiply (4.11) by M, integrate over
velocity and over 2’ € [—m, z], followed by an integration over [—m,w]. We
get, after multiplication by Ra,, (¢,0),

Ry, (1, 0)3;}20 + (Bow. (£,0))2 = Raw. (£,0) / iz [ dzdvMg
+27TR2UZ(t7O)/dvaMRg(t,v, —), (4.15)

where Ryo := ["_dz [*_dz'dvM Ry. Multiply (4.12) by Mu., integrate over
velocity and multiply by Rao,

0 - — R — 0
ERQ()aRQvZ = Ry (Tvz + /vzglMdv> +€GR20 a MRQ(O ’U)
Summing the last two equations,
[0 J— “o — R
Ea(RgoRgvz) + R2vz = Ry (va + MUZgld’U) (416)
+eGTm 88 M B (0, v)dv

+R2uz/ dz/ dz' dvM g, +f32v227r/dvszR2(t,v,—7r)
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We use this relation to bound the time integral of Rgvz. We integrate over
time, and use inequality (4.10) to control the boundary term r,2. The result
is

. 1
[ R t0)Pae < (5 [ atiRulg+n ) PiR2 13
1 —
v A o+ 1 £ 15 ).

By Parseval identity, ||Ragl|2 = 2640 |Roo(€.)|? 4 |Ra0(0)|2. The last term

is equal to |R10(0)|? because [ dzdvR(t,z,v) = 0. The sum for &, > £, was
estimated above. In conclusion,

[Pt (3 R+ I PoRs [ 01 PRa 1B

0<¢- <&,

1 1
+lvEgl3os + 121 = P)Re |13, (4.17)

3o+ 17 13an ).

1 1
—l—g || VQ(I—PJ>R2

For the control of v,-moments, we use Ry, (£) = Rgvgvx (&) — Rj‘vzvg &)
(recall that [vZvZMdv = 1). Multiply (4.12) by v,v, (resp. v,v?), integrate
with respect to Mdv, and multiply with ]:Engvz (resp. Rgvzvz). Adding the
results implies for each &, that

5§(R2Um1)z & ;Umvz) = Zé.z ‘RZUmUE |2 + Z&zR;vTvg ]%212“)2
, OMRy - OMR;
—|—5G/ (R;U,vvg%vz Z 4 Roy, v, wﬁ 2 )dv
rE z Vz

~ 1/\ _—
+R;vzv§ /MUIUZ (ELJR2 + H (Rg) + vzr(_l)fz + g1>d11

N 11— — *
+Ray,0, /vavg (gLJRQ + Hl(Rg) + ’UZ’/’(—I)& + gl) dv.

We do not estimate directly the terms involving higher moments of the
boundary term r. To remove these terms we subtract the same expression
for £, = 0 multiplied by (—1)%:, getting

0 > > * . > * D c- Dx >
5&([R2vwv2]f [R2vx'u§]7) = ’ng [RZ'UI'L@]*RQUIUg (52) + Znggva:zs [R2vwvz]f
o N

426 [ {1 )00 2 MR + B ] (TR ) e
Hitgoa)? [ Mosv. (ZETR)- + (R + [01)- )dv

itz )= [ Mo (LERa]) + L R))- + 1)) o
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Integrate with respect to ¢ to obtain for £ # 0

~ ~ 1
[ 1 (et < [ (1R, 0) P 40 PRo 35+ | (T - PYR2
_1 1 1
+ 1 v R 32+ V3 = PR I3, )t

We have used that only (I — P)Rs contributes to Rgvzvz and Rgvxvg.

Now we discuss the estimate of Rng for £, = 0. To eliminate the outgoing
boundary terms, we multiply (4.11) by Mv,v, and consider first the equation
we get by taking the integral ["_dz [ _d2’ [;; dv and then the one we get

by taking the integral 2r [ dz [, _ dv. By taking the difference of the two
equations we get for the 1.h.s. (but for the force terms)

0 4 z .
6—(/dv/ dz/ dquzv, MRy (t, q,v) —277/ vmszRg(t,O,v)dv)
8t -7 - v, <0
+R2vxv§ (ta O)

The remaining ingoing boundary terms are zero. Now, notice that

/ 0,0, MRy (t,0,v) = CRay, (t,0) + Ro1 (£,0),

v,<0
where ¢ = [ _ vZv.Mdv and Ryi(t,0) = [ <0 Vv, MR (t,0,v)dv de-
pends on the nonhydrodynamic part of ]:22. We multiply by Rng (t,0) and,
by using the equation for it, we get in the L.h.s (but for the force terms)

9/ . . L
e (DRau, (1.0) = 2mC RS, (1,0)) + Ray, Rao,0z

+D/dvv$vz(7_32(ﬂ') — 7 Ry(—m))

where D : [ [T [* w,v.MRy(t,q,v)dgdzdv — 21 Ry, (t,0) is nonhydrody-
namic. We use again Ry, (€) = R%mvg € - ]%5-%”2 (€) and estimate v~ Ry by
(4.10). This gives

[ @Pat < [a(n PR B+ 1030~ PR 1B,

1 1
+L - PR

— _1
o I B+ v R B )

The v,-moments are analogous, hence for all £,

/ | Row (€) Pt + / (Ray, (2) Pt (4.18)
<e / (0| PRo |25+ ||/~ 1B + | 13T — PRy |2,

1 1 1
+CT2 | v2(I = PRy I35+ [l v 21

|%,2)dt~
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Consider next the ¢4-moment for £, # 0. Multiply (4.12) by v, A (resp.
v2A), and integrate with respect to Mdv. Similarly to the proof of Lemma
2.4, this gives

o (0 A, BalE)) +(-1)5rys (2, RaE2))
9 .
e / o (0= AM)Ra(€)d0 = 2 (0. A, T3 (62))
(0 A, Hi(Ro)(82)) + (0:A,0),
T (02, o)) (-1 r,5 (24, Rio(6e)

Similarly to the v,-case, we manipulate the equations to remove the boundary
terms, leading to,

0 . . .
65([R2vz ] [R2U2A] )Zg[R2v2A] RQUEA(gz)_ing;UEA(gz)[RQUZA]*

466G [ do({Rpaal? v A~ (MI1Ra]) + Ry Al 02 (M [F]))

H{Rayza” / doMv. A( TR+ AR + 1))
Heg,a)- [ doM2A(ZETR) - + L F))- + (02)-)

It follows that for &, # 0

[t 1R <€ [t | Raa0) P 4| Fan(€) 4] B (0) P
1 1
0 [| PRy 52 + | (I = P)R2 52 +5 | 2 (I = Po) Rz I3

_ _1
IS B+ v e s ). (4.19)

For &, = 0 multiplying (4.11) with v, A and arguing similarly to the proof of
(4.18), gives

[1saopar<c [ae(nl PRy 13+ 10— PRy B
1 1 _ _1
s 1A= PR B+ 15 Bt v b B ). (420)

The only moments still to be estimated are the ¥y-moments for &, # 0.
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With o = (v2,94)(vZA, ¢4) "' and 3 = (v, 1)(vS, 1)1, proceed similarly
to the corresponding 1)4-case discussed earlier, but start from v, — cov. A
instead of v, A, and v2 — c3v? instead of v2A. That gives

. _1
[t Ry 1= 0 [ar( I PiRa By 40 PR B + 1 v En B
2 1 3 2 -2
I =P)Rs 1B+ VAT = PORe |5 + 11 £ 10 ). (421)
The lemma is proved by collecting the estimates above. [J

By using this 1-d analysis, it follows in the 2-d case that

Lemma 4.5 The solution Ry of (4.7) satisfies

| PrRs |

1 _
%,2,2§ 0(57 I f |§,2~ + || Pyl “%22)

Proof of Lemma 4.5 We apply Lemma 4.4 to RQ(O, &.,v) = [dzRy(z, z,v)
and, taking into account that g; is of order 4, get a bound for the Fourier
components PJﬁg(O,fz), for § small. As discussed at the beginning of the
proof of Lemma 4.4, the components with £ large are under control, since
the r-terms are small after division by |¢|2. The remaining components in
the case &, # 0, &;,&, finite, are estimated by analyzing the equations for
the moments of Ry and applying in a suitable way Lemma 4.4. The proof
follows closely the one of Lemma 4.4, so we will not give all details but only
point out the differences.

Consider first the v,-moment for £, = 0. Multiply the (spatial) Fourier
version of (4.7) by Mdv (resp. v, Mdv) and integrate. Combining the results

0 = R . .
Eﬁ(RQO (5907 O)RSuI (5(1:, O)) = iu&s Roy, (gzm O)RSUL (gwa 0)
+iple 5,2 (€2, 0) Rao (&2, 0)

—l—R;vm(fw,O)/devzr—l—Rgo(g,())/devzvzr*.

This gives

[ 1o, P& 00t < © [ (1ol (€. 0) 0 | PR2
1 1 1 _
P = P)Ry a4 AU = PRy I3 + 1117 132 ). (422)

To bound the v.-moments for £, # 0, we use a variant of the proof in Lemma
4.4. Multiply the Fourier version of (4.7) by ((v2,v2B) —v2B)Mdv and inte-

Tz

grate. That removes the hydrodynamic £,-term. To remove the v,r-term we
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also subtract the same expression for £, = 0 multiplied with (—1)%. We use
the notation [f]* := f(&) — (—=1)% f(&,,0). Proceeding as in Lemma 4.4 gives

0 > I, > % . > >, > %
E&([RQO(U?E’ ’UzB) - RUEB)]x[Rm)z]x) = ZSZ (szz (’Ui, U,ZB) - RQ?}?B)[RQUZ]JU
it ([Ro, (02, 02B) = Ry 25" + [R5,,,.)7 ) [R5, ]°
0

5o (MR} v

52 (O) B2, 02B) — Rusl” <Gl ) [ 28
4Gl (€) ~ Rl [ oo (MRS )
Hg [ 0(S2BIRY — 2B (R o
It follows after integration with respect to ¢ that for &, # 0
[ P@at < C [ (e 600+ RanP(©) + 0 | PR B, (.29

1 1 1
AT = PRy |3, +5 | VA= PR I ).

The moment ]%2% (&4, 0) is under control by (4.22), and so the previous ap-
proach for the v,-moment when &, # 0, gives

[ 1 @1 < € [ at(1Ral*©) + 1Bea*©) + 0| PR2 3
1 1 1 _
+vi(I = P)Ry I3, to 2 = Pr)Ry 32+ 11~ 13~ ) (4.24)
The Rgvy (&)-moment for &, # 0 is similarly treated, starting from

e 0 (R (©) — (~1)% Ry (60,0)) (Rauy2(€) — Rauyz(60,0) )

Inserting the corresponding right-hand sides and estimating the upcoming
moments, gives for &, # 0

/ |Rau, ()t < C / t( | Bzo, () [* 40 || PRy B + | v3(I = P)R2 |3 5
1 1
5 1A= PR 13, ). (4.25)

For the RQUZ (€2, 0)-moment, use the procedure of Lemma 4.4 with the term
ip€eFru Ry, (€x,-) added as an inhomogeneous term. Thus

a s z ) s z
- / dz / dqF s Rao(Earq) = ipiés / dz / daFy Rau, (62, q)

+ Ry (£4,0) — 27 Muv,Fof~ (€x, —m)dv.
v, >0
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The equation for Rsz is

0

M Rs(&, .
B0, Rs(&;,0,v)dv

0 - .
5§R2vz = ip€e Roy,0. (§2,0) + T'y2 (§x) + EG/UZ

The resulting terms are of the same type we get before, except for

/ dz dq]:xRQUI (517 Q) and / dz dqj:wRQO(ng Q) .

—T —T —T —T

The former can be controlled using the observation | F,Ra,,(&x,.) [I3=

De. | Row, (£, &2)|%, together with the estimates (4.22), (4.24) for the right-
hand side. We conclude:

[ 1o Pas00it < € [ (1 Ban 40| PR2
S P)Ry |y +— || V3 (I - P))Rs |2 ~ |2 4.26
+ [ v2( VB 22+ w2 = Pr)Re 2o + 1 F7 llo~ ) (4.26)

For the moment Rgvy (&z,0) we follow the corresponding procedure of Lemma
4.4. The new terms which result from the z-derivative, Rgvmvy (€2,0) and

Rgvzvyvz (£z,0), are nonhydrodynamic, and so the estimate (4.18) also holds
for this moment.

The ©4-moments for £, # 0 are treated as in the 1-d case. The extra
terms resulting from the z-derivative, contain at least one nonhydrodynamic
factor. The resulting inequality is again (4.19).

The moment R24(§z,0) is obtained as in the 1-d case, but here with an
additional term
J |R20|?(&4,0)dt to the right in the final estimate (4.20). Thus

[t 0.0ar <€ [at(\mP (00w | PR3, (420
1 1 1 _
FIAUT = PRy B+ 35 w3~ PRy I35 4 1 77 12 ).

We now discuss the moment Rag(&,,0) for & # 0. For elo| > o1 and oy
sufficiently large, consider the equation (4.7) written in Fourier variables
for the time and z-dependence. Introduce also the cutoff function § as in
Lemma 4.1. Use the term ico F; F,,BR2(0, &y, 2, v) to express the 1hg-moment.
For this, project the equation along v, — cov, A, and along 31 + v2B with
cg = —(v3,v2B) > 0 to remove a F;F,(3Ra,,-moment. That leads to an
expression for

. . 0
FiFoB(—ico(Ray, — caRo,_a) — ipu€aC1 + 5(320 +(2)),

and for

) ) g ,3
FiFoB( —iea(csRao + Roy2 ) — i1€xCs + 5(503321;2 + (),
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with ¢;, 7 = 1,...,4 certain nonhydrodynamic moments of Ry. Thus we get
an expression for

, 3
—igoes <§|ft}}ﬁR20|g + | FiFu3Row. |2)

+% ((ftfzﬁ(Rzo + <2))(203ftfz6(R2vz + <4))*)'

After division by ¢ and integration, the boundary term is multiplied by the
small coefficient o ! This can now be estimated separately at —m and at 7
using Green’s formula (4.10). It follows that

| (= Xo ) FiFaRao( s ) 2= O 07l Faa(- 1, ) oz (429)

1
t U= Py)FeRe(- & ) I3.2.2)+ | (T = P)FaRo(- &, +) 322 )

The case of eo small requires a different argument. Consider equation
(4.7) and its Fourier transform in ¢,  and z. We denote the total Fourier

transform of a function h, FF,F.h by fz, ‘and by h* the Fourier transform

FiFrh. With G defined in Lemma 4.1 put Ry = ﬁ/\Rg and Ry* = ﬂ/\Rgz We
have

cio Ry + 041, Ry + 10,6, Ry + v,7(—1)% =

eM~'Go,. (MEQ) + 5*1Lm2 + 6@2) + Em =N.

cioRy® + paity Ry™ + 0.0, Ry™ = (4.29)
eM™1Gd,. (MRy) + e L BRy* + BHL(Ra)* + eRa0y 8" 1= N*.

We notice that the right-hand sides contain only terms that can be esti-
mated by contributions either involving the nonhydrodynamic part or the
hydrodynamic one multiplied by a small factor.

For ¢, = 0 we have

eiaf?g + /wzifzf?z + .7 = N(0,£,,0,0). (4.30)
We take the integral [* dz [~ _dq of (4.29)

— / dZ/ dq I:&‘O'RiQZ + ,Ug;cvxgz] + ’L.'UZEQ((% gl‘a O) - 27Ti7]ZT(—7T)

= /7r dz/z dgN>. (4.31)

Let W(|v|) be a smooth function such that

~—

ROV PM N <o [ FWM () =1,

pW (p)M (p)dp = 0, (4.32)

o0

— —

p"W (p)M (p)dp = 3, /OOO p*W (p)M (p)dp = 0.
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Then, multiply (4.31) by v,v. MW (|v]) and integrate over v. The first

term does not contribute to the hydrodynamic part of ]:25. The contribution
to the hydrodynamic part from the second and third terms are respectively

/ d/ das, B [ dou2e2M ()W (o),

2ri(wr, ) [ duoZoM (o)W (Je).
Let us use the polar coordinates to compute the v-integrals
[ v (oWt = [ dewt? [ dps (oW (o) = .
SQ 0

The vanishing of the integral is due to the second condition in (4.32). And so
on the left-hand side there are only boundary and nonhydrodynamic terms.
We put the latter on the right-hand side, denoted now by N7,

/ dvvgo? M (o)W ([o])y~ Ra(—m) = N7
v, <0

The v-integral of the ingoing part of r times v,v2 M (|v|)W (Jv|) is zero because
of the boundary conditions. In this way we have reached a control of the

boundary term 7_1%2(—70. Now we reproduce this term by multiplying (4.30)
by v,v, MW and integrating over v, < 0,

i£0 Ray, (0, &4, 0)c1 + i1y Roo (0, &, 0)e
+ / dvv, v M(Ju)W (Jo])y~ Ra(—7) = A,
v,<0

where N7 incorporates N and all the other nonhydrodynamic terms and

01:/
S.

where S5 = {w € S3,w, < 0}, because of the first condition in (4.32). We
have used the second condition in (4.32) to cancel the remaining hydrody-
namic terms and as before the ingoing part does not contribute. The conclu-
sion is

e}
dwwng/ dpp® M (p)W (p) :/ dww?w,,
2 0 Sy

¢1]e0 Raw, (0,61, 0) + (1x Roo (0,5, 0)] = Ny — N7 (4.33)

We will get now a second equation involving Rgvm and Ry with a similar
procedure. The two equations together will give us the wanted estimate for
these terms.

Multiply (4.31) by v2v, W (|v]) and integrate over v. The first and second
term do not contribute to the hydrodynamic part of Rs. The contribution to
the hydrodynamic part of the third term is

it + o, Bo) / o2 (s + o) M (Jo )W (Jo]).
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The v-integrals in polar coordinates vanish because of the second and fourth
conditions in (4.32). The boundary integral is then given as before in terms
of a r.h.s., denoted by NF, involving non-hydrodynamic terms and N?,

z/ . dvv2v2 M (Jo])W (|v]) Ra(—7) = NZ. (4.34)

The ingoing part vanishes this time because of the second condition in (4.32).
Now multiply (4.30) by v2v, MW and integrate over v, < 0,

11x Raw, (0, €4, 0)ca + 20 Rao (0, &0, 0)e

+ / o202 M (o)W (o) Ral —m)dv = Ny,
v, <0

62:/
S

because of the first and third conditions in (4.32). This time the ingoing part

where

dww;lwz/ dpp™ M (p)W (p) :3/ dwwiw,
s 0 S5

i [ oM)W (ol ()
v, <0

gives a contribute of order € due to the presence of the Maxwellian M in the
boundary conditions. We put this term and all the other non-hydrodynamic
terms in the r.h.s. term denoted by N>. By using (4.34) we finally get

260 Raw, (0,6, 0) + 1114 Rog (0, €4, 0) = No — NE. (4.35)

Equations (4.33) and (4.35) give a system of two equations that allows to

express Rg,, and Rgo in terms of quantities under control provided that
c1 # co. This can be easily checked by direct computation.
As an end result, it holds for eo < oy that

. 1
| e Rao (62, 0) 13 < (5 Il (1= PRz 3 (4:36)
(= P)Re 180 40 || B2 Bz )-
The same estimate also holds for the 1g-moment when &, # 0. The proof
is simpler. The boundary term is this time removed by subtracting the same

equation for ¢, = 0 (times (—1)%) and then multiplying first by v,v. MW
and then by v2v, MW. This gives two equations

coci[Ran, ) + crpbulRoo) - = B, eoca[Rav, ] + crpéeRao) - = B,

where [f]— = f(0-7€w7§Z7’U) - (_1)52.](‘(0-? §$707U)'

The lemma follows by collecting the previous estimates. [

The above study of Ry leads to
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Lemma 4.6 Any solution Ry to the problem (4.7) satisfies the a priori es-
timates

1 _1
[ v2(I = Pr)Re |32 < C(E | Ro 52 +ell v 2(I = Pr)g |32
| PyRy |55, < 1(HR 3, + 1l v™2(I = P)g |3,5)
Jh2 {222 S C - 0 2,2 v J)9 12,2,2

1 1 -
5 I Prg 3o+ 10 13 ),

1 1
2 Prall? —
JFE | Prg 322 JFE

1 1
V2 Ry (120 002 Sz | Ry 2022 + 17" Ry 1202~ 7||1/}||002~)
1 9 1
< C(T;, || Ro [|2.2 +* | v~ 2(I - Pj)g ||2,2,2
||PJ9||222+ ||¢H22~+HROH

+e? |5 ez 25 119 Iz ).

Theorem 4.1 There exists a solution R to the rest term problem (4.1) such
that

+oo
/ / / |R(t,x, 2,v)|* M (v)dtdzdzdv < c<”. (4.37)
0 [—m,7] m,m] JIR3

Proof of Theorem 4.1 Take the asymptotic expansion of fifth order in €. We
shall prove that R can be obtained as the limit of an approximating sequence,
and that R satisfies (4.37). Since R is a solution to the initial boundary value
problem for the rescaled rest term, (4.37) in turn implies the L3 ,-convergence
to zero of R(t), when time tends to infinity.

Let the approximating sequence { R"} be defined by R° = 0, and

OR™! 1
T, n+1l M*l
o + gv VR G .

1
+J(RRY) + A,
Rn+1(07x7 2 U) = RO(I, Z7U)7

M.
R (t,z, Fm,v) = —:F/ (R (¢, z, Fm,w) +
w, S0

O(MF™+! 1 1
( ) — ?LJRWA»l 4 ng(RTkFl)

1 -
i g¢(t7x7:F7T,w))|wZ|de

1
771/)(25’555 :FTI',’U), T e [77T77T]7 t> Ov Uz 2 0.
3

Here the initial value Ry is of e-order four, A has been chosen so that
J [ [A(, @, 2z,v)Mdxdzdv = 0, (I — Py)g = e(I — Py)A is of order four,
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and Pyg = ePjA is of order five.
The function R' is solution to

OR! 1 O(MR! 1 1

— + ~v".VR' - GM—1g = —L;R' + ~H(R") + A,
ot € ov, g2 €
RY0,z,2,v) = Ro(z, 2,v),

M 1
R (t, 2, Fm,v) = 37— (v) / (RY(t 2, Fm,w) + ~$(t, 2, Fm, w))we Mdw
+ w

<0 E
1-
—?/)(tax,:FWav)» T e [_ﬂ—vﬂ-]v t> 07 Uz 2 0.

Split R! into two parts R; and Ry, solutions of (4.4) and (4.7), respectively,
with ¢ = €A. Then using the corresponding a priori estimates, Lemma 4.3
and Lemma 4.6 together with the exponential decrease of 1), and the e-orders
of Ry and A, we get for some constant c;.

| V2R [looc02< c16%, | V2R ||220< ere?,
By induction
I ViR loo,co2 < 2163, j<n-+1,
| V3 (R™ —R") 222 < 2 || w3 (R" = R"Y) a2, 020,
for some constant cy. Namely, if this holds up to n!* order, then

g n+2 _ pn+l 1 I n+2 _ pn+l 7£ 9
(R™2 = BH) 4 ot V(R = R - o

ot
1 n+2 n+1 1 n+2 n+1 1 n+1
:?LJ(R - R )+gH1(R -R )+gG ;
(R™? — R™1)(0,, 2,v) =0,
M
(Rn-‘rZ _ Rn+1)(t, x, $7_“,0) _ M7/ (Rn+2 _ Rn+1)(t,w, ¥7T,w)|wz|de
F Ju

.0

(M(Rn+2 _ Rn+1))

x € [-mm], t>0,v,20.
Here
G"t = (I - P)G"* = J(R"™' + R, R"*! — R").
It follows that
v (R2 = ™) o p0< ce™ % || 072G [|a0
< e (IR oo + [ VAR [l ) 1A (R = BY) o2
< coe? || 1/%(]%”+1 —R") |l2,2,2 -
Consequently,
222 < v2(R™2 = R [la02 4.t | v2 (R = RY) ||2.22
+ | viR! ll2,2,2< 2616%7

” V%Rn+2 |
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for € small enough. Similarly || R""? ||o,002< 2¢1e2. In particular {R"} is
a Cauchy sequence in L%,([0,+00) x £2 x R?). The existence of a solution
R to (4.1) follows, and the estimate (4.37) holds. This means that there is
a sequence of Lebesgue points in time, {tj};?';l with ¢; tending to infinity
with j, where the || - ||2,2- norm of the solution R tends to zero. But the
|R(t, - )||2,2 for fixed t > ¢t; is uniformly bounded by the norm at ¢; plus
some tail integrals from t; to oo, hence tends to zero when time tends to
infinity. O

This completes the study of the R-term and the stability theorem follows.
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